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Abstract
A rather complete phenomenology of the singularities is developed according to a
new algebraic point of view in the frame of Langlands global correspondences.
That is to say, a process of:
- singularizations and versal deformations of these,
- singularizations and monodromies of these,
is envisaged on all the sections of sheaves of differentiable (bi)functions on (bi)linear
algebraic (semi)groups constituting the n-dimensional representations of the global
Weil groups.
To get the searched holomorphic and cuspidal representations, it is necessary to
consider:
- the resolutions of singularities and the blowups of the versal deformations;
- the resolutions of the singularities in the monodromy cases.
Furthermore, the geometry of the versal deformations and of their blowups is
studied, as well as the associated dynamics leading to the consideration of singular
hyperbolic attractors and of singular strange attractors.
Introduction
This paper constitutes the second part of the n-dimensional global correspondences of
Langlands [Lan]: it points out the cases in which these correspondences can still be stated
while the sheaf of differentiable (bi)functions on a bilinear algebraic semigroup, constitut-
ing the n-dimensional representation of the global Weil group, is affected by all kinds of
singularities together with deformations and blowups of these.
The phenomenology of the singularities can be split into two sets based on contracting
or dilating morphisms characterized respectively by underlying topological subsets getting
closer and closer or farther and farther.
In the set characterized by dilating morphisms, we find:
a) the desingularizations, or the resolutions of the singularities, of a singular scheme
consisting in monomializing polynomial ideals by sequences of blowups [Hau].
b) the monodromy transformations of a singular scheme arising in an expanding phase
in such a way that non-singular fibres can be generated.
while we have in the set characterized by contracting morphisms:
a) the singularizations introduced as the inverse morphisms of the resolutions of sin-
gularities, and which are defined by sequences of contracting surjective morphisms
producing singular loci.
b) the versal deformations of these singularities which can be interpreted as exten-
sions of the sequences of contracting surjective morphisms of singularizations, re-
covering then the classical definition of the versal deformation as (contracting) fibre
bundles of which fibres are the bases of the versal deformations.
c) the blowups of the versal deformations, introduced in [Pie3], [Pie4] as the inverse
morphisms of the versal deformations: they are based upon Galois antiautomorphisms
and are also called spreading-out isomorphisms.
The considered mathematical frame, recalled in chapter 1, is the same as the one
which was envisaged in the first part [Pie1] of the n-dimensional global correspondences of
Langlands, that is to say, considering:
• sets F+
v
(resp. F+v ) of r packets of left (resp. right) real pseudo-ramified
equivalent completions associated with the left (resp. right) (algebraically closed)
extension (semi)field of a number field of characteristic zero and characterized by
increasing Galois extension degrees being integers modulo N .
2• sets Fω (resp. Fω ) of r packets of left (resp. right) complex pseudo-
ramified equivalent completions covered by their real equivalents.
• bilinear algebraic semigroups GLn(Fω × Fω) ≡ T
t
n(Fω)× Tn(Fω) and GLn(F
+
v ×
F+v ) ≡ T
t
n(F
+
v )× Tn(F
+
v ) respectively over products of complex and real completions
in such a way that their representation spaces G(n)(Fω × Fω) and G
(n)(F+v × F
+
v ) be
n2-dimensional complex and real bilinear affine semigroups [Pie1] decomposing into
sets {g
(n)
R×L[j,mj ]}
r
j=1,mj
and {g
(n)
R×L[jδ, mjδ ]}
r
jδ=1,mjδ
of r packets of complex and real
equivalent conjugacy class representatives:
each conjugacy class representative g
(n)
R×L[j,mj ] is the product of a right n-dimensional
complex algebraic semitorus g
(n)
R [j,mj ] by its left equivalent g
(n)
L [j,mj ] verifying
g
(n)
R [j,mj ] ≃ (Fωj,mj )
n and g
(n)
L [j,mj ] ≃ (Fωj,mj )
n where Fωj,mj (resp. Fωj,mj ) is the
(j,mj)-th corresponding complex completion of Fω (resp. Fω ) and each conjugacy
class representative g
(n)
R×L[jδ, mjδ ] is the product of a right n-dimensional real alge-
braic semitorus g
(n)
R [jδ, mjδ ] by its left equivalent g
(n)
L [jδ, mjδ ] verifying g
(n)
R [jδ, mjδ ] ≃
(F+vjδ,mjδ
)n and g
(n)
L [jδ, mjδ ] ≃ (F
+
vjδ,mjδ
)n where F+vjδ,mjδ
(resp. F+vjδ,mjδ
) is the (jδ, mjδ)-
th corresponding real completion of F+v (resp. F
+
v ).
• a (bisemi)sheaf θ
G
(n)
R
×θ
G
(n)
L
of differentiable bifunctions φ
(n)
GjR
(xgjδ )⊗φ
(n)
GjL
(xgjδ )
on the conjugacy class representatives g
(n)
R×L[jδ, mjδ ] of the real bilinear algebraic semi-
group G(n)(F+v ×F
+
v ) and a bisemisheaf θ
(C )
G
(n)
R
× θ
(C )
G
(n)
L
of complex-valued differentiable
bifunctions φ
(C )
G
(n)
R
(xgR)⊗ φ
(C )
G
(n)
L
(xgL) on the conjugacy class representatives g
(n)
R×L[j,mj ]
of the complex bilinear algebraic semigroup G(n)(Fω × Fω) .
The most important part of this paper, i.e. chapters 2, 3 and 4, concerns the study of:
- degenerate singularities on the sections φ
(n)
GjL
(xgjδ ) (resp. φ
(n)
GjR
(xgjδ ) ) of the left (resp.
right) semisheaf θ
G
(n)
L
(resp. θ
G
(n)
R
) as resulting from contracting, generally surjective,
morphisms.
- the existence of Langlands global correspondences in the “singular” context.
First of all, a process of singularization is introduced in chapter 2, as being the
inverse of monoidal transformations. It consists in projecting a sequence of normal cross-
ings divisors defined on irreducible completions of rank N onto a singular locus which
then becomes the homotopic image of these normal crossings divisors under a sequence of
contracting surjective morphisms.
3For example, a singularization of type Ak , given by the germs yL = x
k+1
L (resp. yR =
xk+1R ) of differentiable functions φ
(n)
GjL
(xgjδ ) (resp. φ
(n)
GjR
(xgjδ ) ) on the jδ-th conjugacy class
of G(n)(F+v ) (resp. G
(n)(F+v ) ), is generated by a sequence of k + 1 contracting surjective
morphisms, being in fact fibre bundles whose contracting fibres are the homotopic images
of the normal crossing divisors.
Outside of the singular locus, the contracting morphism of singularization is an isomor-
phism. Due to the relative small topological space on which is defined the semisheaf θ
G
(n)
L
(resp. θ
G
(n)
R
), it will be assumed that on every function φ
(n)
GjL
(xgjδ ) ∈ θG(n)L
(resp. cofunction
φ
(n)
GjR
(xgjδ ) ∈ θG(n)R
) a same kind of singularity (or set of singularities) is generated by the
singularization process.
So, the singularization of θ
G
(n)
L
(resp. θ
G
(n)
R
) is a process transforming it into a sin-
gular semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) whose sections φ
∗(n)
GjδL
(xgjδ ) (resp. φ
∗(n)
GjδR
(xgjδ ) ) are the
differentiable functions φ
(n)
GjδL
(xgjδ ) (resp. φ
(n)
GjδR
(xgjδ ) ) endowed with germs φjδ(ωL) (resp.
φjδ(ωR) ) having (degenerate) singularities assumed to be of corank 1 (to simplify the
handling).
The versal deformation θvers
G
(n)
L
= θ∗
G
(n)
L
×θSL (resp. θ
vers
G
(n)
R
= θ∗
G
(n)
R
×θSR ) of the singular
semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
), whose sections are endowed with germs having degenerate
singularities (of corank 1), can be interpreted as the total space of a fibre bundle DSL
(resp. DSR ) of which fibre θSL (resp. θSR ) is the family of the (semi)sheaves of the base
SL (resp. SR ) of the versal deformation.
In this context, the versal deformation consists in an extension of the singularization
process in the sense that it is generated by a sequence of contracting morphisms extending
the sequence of contracting surjective morphisms of singularizations by projecting sets of
normal crossing divisors in the neighbourhoods of the singular loci according to the finite
determinacies of the considered degenerate singularities on the sections of θ∗
G
(n)
L
(resp.
θ∗
G
(n)
R
). If we refer to the degenerate germ yL = x
k+1
L (resp. yR = x
k+1
k ) of type Ak ,
its versal deformation will then result from a sequence of (k − 2) contracting morphisms
extending the sequence of contracting surjective morphisms of singularization in (k − 2)
dimensions in such a way that a sequence of (k − 2) (sets of) normal crossings divisors be
projected in the neighbourhood of the singular locus.
This constitutes the content of chapter 2, section 2, while section 3 deals with the
geometry of the versal deformation:
It is proved that:
4a) the geometry is hyperbolic in the neighbourhood of the singular locus of a not unfolded
degenerate singular germ of corank m ≤ 3 and multiplicity i , 1 ≤ i ≤ n , in the sense
that:
• the limit set of the Kleinian group acting in the neighbourhood of a singular locus
corresponds precisely to this singular locus.
• the ordinary set of the Kleinian group can be associated with the neighbourhood
of the singular locus and is characterized by a hyperbolic metric.
b) the neighbourhood of the unfolded germ on the section φ
(n)
GjδL
(xgjδ ) (resp. φ
(n)
GjδR
(xgjδ ) )
of the unfolded semisheaf θvers
G
(n)
L
(resp. θvers
G
(n)
R
) is characterized by a spherical geometry
except in the neighbourhood of the singular locus where the geometry is hyperbolic.
Chapter 3 envisages the blowup of the versal deformation as well as the study of the
strange attractors related to the versal deformations of singular germs.
The blowup of the versal deformation
θvers
G
(n)
L
= θ∗
G
(n)
L
× θSL (resp. θ
vers
G
(n)
R
= θ∗
G
(n)
R
× θSR )
of the singular semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) consists essentially in an algebraic endomor-
phism ΠSL (resp. ΠSR ), based on Galois antiautomorphisms, pulling out partially or
completely the sheaves θ1(ωiL) (resp. θ
1(ωiR) ), 1 ≤ i ≤ s , of the fibre (corank 1 case)
θSL = {θ
1(ω1L), · · · , θ
1(ωiL), · · · , θ
1(ωsL)}
(resp. θSR = {θ
1(ω1R), · · · , θ
1(ωiR), · · · , θ
1(ωsR)} )
of the versal deformation from the (n− 1)-dimensional coefficient sheaf
θL(a) = {θ
n−1
L (a1), · · · , θ
n−1
L (ai), · · · , θ
n−1
L (as)} ∈ θG(n)L
(resp. θR(a) = {θ
n−1
R (a1), · · · , θ
n−1
R (ai), · · · , θ
n−1
R (as)} ∈ θG(n)
R
)
on which θSL (resp. θSR ) was projected.
This blowup is maximal when all the base (semi)sheaves of θSL (resp. θSR ) have been
pulled out from θL(a) (resp. θR(a) ).
The blowup is complete if it is given by the composition of maps
(S ◦ T )L = (τ∨ωL ◦ ΠSL) (resp. (S ◦ T )R = (τ∨ωR ◦ ΠSR) )
where τVωL (resp. τVωR ) is the projective map of the tangent bundle projecting all the
disconnected base (semi)sheaves θ1I (ω
i
L) (resp. θ
1
I (ω
i
R) ) of θSL (resp. θSR ) in the vertical
5tangent spaces: this blowup then constitutes an extension of the quotient algebra of the
versal deformation of the singular semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
). When it is maximal, it is
given by the map:
(S ◦ T )maxL : θ
∗
G
(n)
L
× θSL −−−→ θ
∗
G
(n)
L
∪ θSL
(resp. (S ◦ T )maxR : θ
∗
G
(n)
R
× θSR −−−→ θ
∗
G
(n)
R
∪ θSR )
and corresponds to the inverse of the versal deformation DSL (resp. DSR ) according to:
(S ◦ T )maxL = (DSL)
−1 (resp. (S ◦ T )maxR = (DSR)
−1 ).
The family of disconnected base semisheaves are then glued together and cover partially
the singular semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
): they are labelled θ∗(S◦T )(1)L (resp. θ
∗
(S◦T )(1)R
)
and verify θ∗(S◦T )(1)L ≃ θSL (resp. θ
∗
(S◦T )(1)R
≃ θSR ). But, θ
∗
(S◦T )(1)L
(resp. θ∗(S◦T )(1)R ) can
be affected by singularities on its sections involving versal deformations and blowups.
Section 3.2 envisages the versal deformation and its blowup from a differentiable and
dynamical point of view.
The dynamics is envisaged around singularities on the sections of the tangent bun-
dle on the conjugacy class representatives of the algebraic semigroup G
(n)
L (F
+
v ) ≃ Tn(F
+
v )
(resp. G
(n)
R (F
+
v ) ≃ T
t
n(F
+
v ) ). Then, the neighbourhood of the singular germ φjδ(ωL)
(resp. φjδ(ωR) ) on the n-dimensional real-valued differentiable function φ
TAN
GjδL
(xTANgjδ
)
(resp. φTANGjδR
(xTANgjδ
) ) of the space of sections Γ(T (G
(n)
L (F
+
v ))) (resp. Γ(T (G
(n)
R (F
+
v ))) )
of the tangent bundle on G
(n)
L (F
+
v ) (resp. G
(n)
R (F
+
v ) ) is a singular hyperbolic attrac-
tor ΛTANL (resp. Λ
TAN
R ) with respect to the diffeomorphisms DiffL(T (G
(n)
L (F
+
v ))) (resp.
DiffR(T (G
(n)
R (F
+
v ))) ).
And, the versal unfolding of the germ φjδ(ωL) (resp. φjδ(ωR) ) involves the map:
∨DΛL : Λ
TAN
L −−−→ Λ
TAN
strL
(resp. ∨DΛR : Λ
TAN
R −−−→ Λ
TAN
strR
)
of the singular hyperbolic attractor ΛTANL (resp. Λ
TAN
R ) into the singular strange at-
tractor
ΛTANstrL = Λ
TAN
L × Λ
TAN
unfL
(resp. ΛTANstrR = Λ
TAN
R × Λ
TAN
unfR
)
where ΛTANunfL (resp. Λ
TAN
unfR
) is an unfolded attractor which can be expressed according to:
ΛTANunfL = ∪Λ
TAN
ωijδL
(resp. ΛTANunfR = ∪Λ
TAN
ωijδR
)
6with ΛTAN
ωijδL
(resp. ΛTAN
ωijδR
) a singular hyperbolic attractor resulting from a singularity on
the generator ωijδL
(resp. ωijδR
) of the versal deformation of φδj (ωL) (resp. φδj(ωR) ).
Finally, a blowup of the singular strange attractor ΛTANstrL (resp. Λ
TAN
strR
) can disconnect
the singular hyperbolic attractors ΛTANωjδL
(resp. ΛTANωjδR
) from the basic singular hyperbolic
attractor ΛTANL (resp. Λ
TAN
r ).
In chapter 4, it is analysed in what extend it is possible to develop global correspon-
dences of Langlands for a bisemisheaf of differentiable functions on the real algebraic
bilinear semigroup (G(n)(F+v × F
+
v ) affected by degenerate singularities.
Recall that a global correspondence consists in a bijection between the n-dimensional
irreducible representation IrrRep
(n)
W
F
+
R×L
(W ab
F+R
×W ab
F+L
) of the product, right by left, of Weil
groups and the irreducible cuspidal representation Irr ELLIP(GLn(A F+,Tv
× A F+,Tv )) of
GLn(F
+
v × F
+
v ) as developed in [Pie1].
Now, IrrRep
(n)
W
F
+
R×L
(W ab
F+R
×W ab
F+L
) is given by the bilinear affine semigroup G(n)(F+v ×F
+
v )
or by the semisheaf (θ
G
(n)
R
⊗ θ
G
(n)
L
) on it.
But, under singularization, versal deformation and blowup of it, the bisem-
isheaf θ
G
(n)
R
⊗ θ
G
(n)
L
has been transformed into:
θ
G
(n)
R
⊗ θ
G
(n)
L
ρGR
×ρGL−−−−−−→ θ
∗
G
(n)
R
⊗ θ∗
G
(n)
L
DSR×DSL−−−−−−→ (θ
∗
G
(n)
R
× θSR)⊗ (θ
∗
G
(n)
L
× θSL)
(S◦T )maxR ×(S◦T )
max
L−−−−−−−−−−−−→ (θ
∗
G
(n)
R
∪ θ∗(S◦T )(1)R)⊗ (θ
∗
G
(n)
L
∪ θ∗(S◦T )(1)L)
where
- ρGR × ρGL is the contracting morphism of singularization.
- DSR ×DSL is the contracting morphism of versal deformation.
- (S ◦ T )maxR × (S ◦ T )
max
L is the blowup of the versal deformation.
So, (θ
G
(n)
R
⊗ θ
G
(n)
L
) has generated under ((S ◦ T )maxR ◦DSR ◦ ρGR)× ((S ◦ T )
max
L ◦DSL ◦ ρGL)
the singular bisemisheaf (θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
) and the singular compactified base bisemisheaf
(θ∗(S◦T )(1)R ⊗ θ
∗
(S◦T )(1)L
) of the blowup of the versal deformation.
But, these bisemisheaves (θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
) and (θ∗(S◦T )(1)R ⊗ θ
∗
(S◦T )(1)L
) , affected by singu-
larities, cannot be endowed with a cuspidal representation.
To reach this objective, it is necessary to:
1) desingularize those bisemisheaves.
2) submit them to a toroidal compactification.
7The desingularization corresponds to the classical monoidal transformations and is reached
by a set of inverse morphisms of those defining a singularization as developed in section
2.1.
Before considering the cuspidal representations of these bisemisheaves (θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
)
and (θ∗(S◦T )(1)R ⊗ θ
∗
(S◦T )(1)L
) , we can at this stage envisage holomorphic representations of
the corresponding desingularized bisemisheaves (θ
G
(n)
R
⊗ θ
G
(n)
L
) and (θ(S◦T )(1)R ⊗ θ(S◦T )(1)L) .
We shall briefly recall how to get a holomorphic representation for (θ
G
(n)
R
⊗ θ
G
(n)
L
) , taking
into account that the same procedure can be applied to (θ(S◦T )(1)R ⊗ θ(S◦T )(1)L) .
The global holomorphic representation Irr hol(n)(θ
G
(n)
R
⊗ θ
G
(n)
L
) of the bisemisheaf
(θ
G
(n)
R
⊗ θ
G
(n)
L
) is given by the morphism:
Irr hol
(n)
θGR×L
: θ
G
(n)
R
⊗ θ
G
(n)
L
−−−→ fv(z
∗)⊗ fv(z)
where fv(z
∗)⊗ fv(z) is the holomorphic bifunction (i.e. product of a holomorphic function
by the corresponding symmetric cofunction) obtained by gluing together and adding the
bisections of the bisemisheaf θ
G
(n)
R
⊗ θ
G
(n)
L
.
So, in a few words, a singular bisemisheaf (θ∗
G
(n)
R
⊗θ∗
G
(n)
L
) , submitted to a versal deforma-
tion transforming it into (θ∗
G
(n)
R
× θSR)⊗ (θ
∗
G
(n)
L
× θSL) , can be endowed with a holomorphic
representation if a blowup of the versal deformation is considered as well as a desingular-
ization of the resulting singular bisemisheaf (θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
) .
To get a cuspidal representation of the desingularized bisemisheaves (θ
G
(n)
R
⊗
θ
G
(n)
L
) and (θ(S◦T )(1)R ⊗ θ(S◦T )(1)L) , a toroidal compactification of the bilinear algebraic
semigroups G(n)(F+v × F
+
v ) and G
(n)(F+vcov × F
+
vcov) on which they are defined must be
performed in such a way that the products, right by left, of their corresponding conjugacy
class representatives be products, right by left, of n-dimensional real semitori.
The bisemisheaves on the toroidal bilinear algebraic semigroups G(n)(F+,Tv ×F
+,T
v ) and
G(n)(F+,Tvcov × F
+,T
vcov ) will be written (θG(n)TR
⊗ θ
G
(n)
TL
) and (θcov
G
(n)
TR
⊗ θcov
G
(n)
TL
) .
Remark that the toroidal compactifications of the bisemisheaves (θ
G
(n)
R
⊗ θ
G
(n)
L
) and
(θ(S◦T )(1)R ⊗ θ(S◦T )(1)L) are such that their holomorphic representations are transformed
into cuspidal representations according to:
Irr hol(θ
G
(n)
R
⊗ θ
G
(n)
L
) : θ
G
(n)
R
⊗ θ
G
(n)
L
−−−→ fv(z
∗)⊗ fv(z)
↓ ↓ ↓
Irr ELLIP(θ
G
(n)
TR
⊗ θ
G
(n)
TL
) : θ
G
(n)
TR
⊗ θ
G
(n)
TL
−−−→ ELLIPR×L(n, jδ, mjδ)
where ELLIPR×L(n, jδ, mjδ) = ELLIPR(n, jδ, mjδ)⊗ ELLIPL(n, jδ, mjδ) , being the global
elliptic representation of (θ
G
(n)
R
⊗θ
G
(n)
L
) , given by the product, right by left, of n-dimensional
8real global elliptic semimodules as introduced in [Pie1], corresponds to the searched cusp-
idal representation.
(Note that a similar procedure can be applied to the covering bisemisheaf (θ(S◦T )(1)R ⊗
S(S◦T )(1)L) .)
We refer to proposition 4.2.10 which states the Langlands global correspondences as
resulting from the singularization and the versal deformation of the bisemisheaf (θ
G
(n)
R
⊗
θ
G
(n)
L
) .
In chapter 5, the monodromy of (isolated) singularities on the (bisemi)sheaf
(θC
G
(n)
R
⊗ θC
G
(n)
L
) of differentiable bifunctions φ
(n)
G
(C )
R
(zgR)⊗ φ
(n)
G
(C )
L
(zgL) on the complex bilinear
algebraic semigroup G(n)(Fω × Fω) is analysed and the Langlands global correspondences
on the non singular fibres, generated by monodromy, are developed in the irreducible and
reducible cases.
• The monodromy arises in an expanding phase which reflects the expansion of the
subvarieties of a given variety with respect to a fixed measure and which is assumed
to generate locally surjective morphisms of singularizations.
• The generated singularities can be non degenerate or degenerate in which case small
deformations of these can split them up into simpler ones. So, assume that each
section of the semisheaf θR
G
(n)
L
⊂ θC
G
(n)
L
(resp. θR
G
(n)
R
⊂ θC
G
(n)
R
) is a Morse function affected
by an isolated non degenerate singularity on a domain UjL (resp. UjR ) included into
the conjugacy class representative g
(n)
L [j,mj ] (resp. g
(n)
R [j,mj ] ) and described locally
by
φ
(2n)
G
(R )
jL
(UjL) =
2n
Σ
i=1
x2iLj
(resp. φ
(2n)
G
(R )
jR
(UjR) =
2n
Σ
i=1
x2iRj
).
• The critical level set of φ
(2n)
G
(R )
jL
(UjL) (resp. φ
(2n)
G
(R )
jR
(UjR) ) is the singular fibre F
(2n−1)
◦jL
(resp. F
(2n−1)
◦jR
) given by
φ
(2n)
G
(R )
jL
(UjL) =
2n
Σ
i=1
x2iLj
= 0 (resp. φ
(2n)
G
(R )
jR
(UjR) =
2n
Σ
i=1
x2iRj
= 0 )
while the non singular fibres F
(2n−1)
λjL
(resp. F
(2n−1)
λjR
) are diffeomorphic to the space
TS2n−1Lj (resp. TS
2n−1
Rj
) of the tangent bundle to a unit sphere S2n−1Lj (resp. S
2n−1
Rj
),
which is diffeomorphic to the vanishing cycle ∆
(2n−1)
Lj
⊂ F (2n−1)λjL
(resp. ∆
(2n−1)
Rj
⊂
F
(2n−1)
λjR
).
As ∆
(2n−1)
Lj
(resp. ∆
(2n−1)
Rj
) is diffeomorphic to the unit sphere S2n−1Lj (resp. S
2n−1
Rj
),
it must correspond to a function on the corresponding conjugacy class representative
of the parabolic subgroup P (2n−1)(F+v1) (resp. P
(2n−1)(F+
v1
) ).
9• So, the mapping:
hγjL : F
(2n−1)
λjL
−−−→ F
(2n−1)
λjL
(resp. hγjR : F
(2n−1)
λjR
−−−→ F
(2n−1)
λjR
)
of the non-singular fibre into itself is the monodromy of the closed loop γjL ⊂ ∆
(2n−1)
Lj
(resp. γjR ⊂ ∆
(2n−1)
Rj
) realized by the conjugacy action of the j-th conjugacy
class representative of the restricted linear algebraic semigroup G(2n−1)(F
+(res)
vj ) (resp.
G(2n−1)(F
+(res)
vj
) ).
• If a degenerate singularity decomposes by deformation into a set of elementary non
degenerate singular points, the single monodromy becomes a monodromy group. In
this context, if every section φ
(2n)
G
(R )
jL
(resp. φ
(2n)
G
(R )
jR
), 1 ≤ j ≤ r ≤ ∞ , of θ
(R )
G
(2n)
L
(resp.
θ
(R )
G
(2n)
R
) is endowed with a set of k non degenerate singularities ωiL (resp. ωiR ),
1 ≤ i ≤ k , on UjL (resp. UjR ), then the set of bisheaves {FF (2n−1)iλjR
⊗ F
F
(2n−1)
iλjL
}ki=1 of
non singular bifibres F
(2n−1)
iλjR
(t) ⊗ F
(2n−1)
iλjL
are generated by monodromy above every
bisection of θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
.
And, if there are bi , bi ∈ IN , non singular fibres in the sheaf FF (2n−1)iλjl
(resp. F
F
(2n−1)
iλjR
),
then we get a set of k × bi , 1 ≤ i ≤ k , 1 ≤ βi ≤ bi , monodromy bi(semi)sheaves
above θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
.
• Let {F
F
(2n−1)
iλR
(βi) ⊗ FF (2n−1)iλL
(βi)}i,βi , 1 ≤ i ≤ k , 1 ≤ βi ≤ bi , be the set of k × bi
monodromy bisemisheaves above the desingularized bisemisheaf θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
.
Then a global holomorphic correspondence can be stated for the bismisheaf
θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
as developed before and the set of global holomorphic correspondences:
Irr Rep
(2n−1)
Wmon
F
+
R×L
(W ab
F+Rmon
(βi)×W
ab
F+Lmon
(βi))
−−−→ Irr hol
(2n−1)(F
F
(2n−1)
iλR
(βi)⊗FF (2n−1)iλL
(βi)) ∀ i, βi ,
can be similarly found for the monodromy bisemisheaves F
F
(2n−1)
iλR
(βi)⊗FF (2n−1)iλL
(βi) .
After a toroidal compactification of these bisemisheaves, it is proved that:
a) a cuspidal representation, given by the elliptic representation
ELLIPR×L(2n, j,mj) , can be associated with the desingularized bisemisheaf
θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
.
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b) no cuspidal representation can be found for the monodromy bisem-
isheaves, except if surgeries are performed.
• The orthogonal reducibility of the bisemisheaf θ
(C )
GL2n
(Fω × Fω) leads to the
following decomposition:
θ
(C )
GL2n=21+···+2n
(Fω × Fω) =
n
⊞
ℓ=1
θ
(C )
GL2ℓ
(Fω × Fω)
where the irreducible bisemisheaves θ
(C )
GL2ℓ
(Fω × Fω) are able to generate monodromy
groups.
If, on the domain, U
(2)
jR
× U
(2)
jL
⊂ g
(2)
R×L[j,mj ] , each bifunction of θ
(C )
GL2ℓ
(Fω × Fω) is
locally a Morse (bi)function in such a way that its critical set is the singular bifibre
F
(1)
◦jR
× F
(1)
◦jL
given by
φ
(2)
G
(C )
gjR
(U
(2)
jR
)⊗ φ
(2)
G
(C )
gjL
(U
(2)
jL
) = z2j1 + z
2
j2
= 0 , (z1, z2) ∈ C
2 ,
then,
1) the corresponding non singular bifibres F
(1)
λjR
(t)×F
(1)
λjL
(t) are diffeomorphic to the
product, right by left, T 2λjR
(t)× T 2λjL
(t) of two semitori.
2) the homology group H1(F
(1)
λjL
;ZZ) ≃ ZZ (resp. H1(F
(1)
λjR
;ZZ) ≃ ZZ ) of the semitorus
T 2λjL
(resp. T 2λjR
) is generated by the upper (resp. lower) semicircle ∆
(1)
Lj
(resp.
∆
(1)
Rj
) on T 2λjL
(resp. T 2λjR
) in such a way that ∆
(1)
Lj
(resp. ∆
(1)
Rj
) shrinking onto
the singularity, becomes the vanishing semicycle.
If each bisection of the bisemisheaf θ
(C )
GL2(Fω×Fω)
is endowed with the same singular bi-
fibre F
(1)
◦jR
× F
(1)
◦jL
= z2j1 + z
2
j2
= 0 , then a set of β bisemisheaves {θ
(C )mon
GL2(Fω×Fω)
(b)}βb=1 ,
isomorphic to (or “copies of”) the desingularized bisemisheaf θ
(C )
GL2(Fω×Fω)
, can be gener-
ated by monodromy if β is the number of non singular bifibres above each bisection of
θ
(C )
GL2(Fω×Fω)
.
And, a set of β global holomorphic correspondences can be associated with the
β monodromy bisemisheaves according to:
IrrRep
(1)
WmonFR×L
(W abFRmon (b)×W
ab
FLmon
(b)) −−−→ Irr hol
(1)(θ
(C )mon
GL2(Fω×Fω)
(b))
‖
θ
(C )mon
GL2(Fω×Fω)
(b) −−−→ fω(z
∗
mb
)× fω(zmb) , 1 < b < β .
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Similarly, on the toroidal compactified monodromy bisemisheaves, the following Lang-
lands irreducible global correspondences can be stated:
IrrRep
(1)
WmonFR×L
(W abFRmon )(b)×W
ab
FLmon
(b)) −−−→ Irr cusp(θ
(C )mon
GL2(Fω×Fω)
(b))
‖
θ
(C )mon
GL2(Fω×Fω)
(b) −−−→ EISmonR×L(1, j,mj)b
where EISmonR×L(1, j,mj) , being the product, right by left, of the equivalents of the Eisen-
stein series, constitutes the cuspidal representation of the b-th monodromy bisemisheaf
θ
(C )mon
GL2(Fω×Fω)
.
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1 (Bisemi)sheaf of differentiable (bi)functions on the
bilinear algebraic semigroup G(n)(Fω × Fω)
1.1 Completions at infinite places of a global number field
Let F˜ denote a finite (algebraically closed) Galois extension of a global number field F 0 of
characteristic zero. In the complex case, the splitting field F˜ = F˜R ∪ F˜L is assumed to be
composed of the left and right splitting semifields F˜L and F˜R in one-to-one correspondence
in such a way that the left (resp. right) algebraic extension semifield F˜L (resp. F˜R ) is the
set of complex (resp. conjugate complex) simple roots of a polynomial ring over F 0 .
In the real case, the symmetric splitting field is noted F˜+ = F˜+R ∪ F˜
+
L where F˜
+
L (resp.
F˜+R ) is the algebraic extension semifield composed of the set of positive (resp. symmetric
negative) simple real roots.
The left and right equivalence classes of the local completions F
(+)
L and F
(+)
R respectively
of F˜
(+)
L and F˜
(+)
R are the left and right complex (resp. real) infinite places of F
(+)
L and
F
(+)
R : they are noted v = {v1δ , · · · , vjδ , · · · , vtδ} and v = {v1δ , · · · , vjδ , · · · , vtδ} in the real
case and ω = {ω1, · · · , ωj, · · · , ωr} and ω = {ω1, · · · , ωj, · · · , ωr} in the complex case and
are equal in number.
The left (resp. right) complex pseudo-unramified completions F nrωj (resp. F
nr
ωj
), 1 ≤
j ≤ r , of F˜L (resp. F˜R ) are pseudo-unramified F
0-semimodules characterized by their
ranks, called global residue degrees,
[F nrωj : F
0] = j (resp. [F nrωj : F
0] = j ),
and the left (resp. right) real pseudo-unramified completions F+,nrvjδ
(resp. F+,nrvjδ
), 1 ≤
jδ ≤ r , of F˜L (resp. F˜R ) are also characterized by their global residue degrees:
[F+,nrvjδ
: F 0] = j (resp. [F+,nrvjδ
: F 0] = j ).
The left (resp. right) complex pseudo-ramified completions Fωj (resp. Fωj ) of F˜L
(resp. F˜R ) and the left (resp. right) real pseudo-ramified completions F
+
vjδ
(resp. F+vjδ
)
are F 0-semimodules generated from irreducible central completions Fω1j (resp. Fω1j ) of
rank N · m(jδ) in the complex case and from irreducible central completions F+
v1jδ
(resp.
F+
v1jδ
) of rank N in the real case, where m(jδ) is the multiplicity of the jδ-th real completion
F+vjδ
covering its complex equivalent Fωj .
So, if the irreducible central completions are given by their ranks:
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• [Fω1j : F
0] = N m(jδ) (resp. [Fω1j : F
0] = N m(jδ) ),
• [F+
v1jδ
: F 0] = N (resp. [F+
v1jδ
: F 0] = N ),
the pseudo-ramified completions can be expressed from their corresponding pseudo-unramified
equivalents as follows:
• [Fωj : F
0] = [F nrωj : F
0]× [Fω1j : F
0] = ∗c + j N m
(jδ)
(resp. [Fωj : F
0] = [F nrωj : F
0]× [Fω1j : F
0] = ∗c + j N m
(jδ) ).
• [Fvjδ : F
0] = [F nrvjδ
: F 0]× [Fv1jδ
: F 0] = ∗+ j N
(resp. [Fvjδ : F
0] = [F nrvjδ
: F 0]× [Fv1jδ
: F 0] = ∗+ j N ),
where ∗c denotes an integer inferior to N m
(jδ) and ∗ an integer inferior to N .
Then, the complex pseudo-ramified completions Fωj (resp. Fωj ), 1 ≤ j ≤ r ≤ ∞ , can
be approximatively cut into a set of j irreducible equivalent completions F
ωj
′
j
, 1 ≤ j′ ≤ j
(resp. F
ωj
′
j
), of rank N  m(jδ) while the real pseudo-ramified completions F+vjδ
(resp.
F+vjδ
), 1 ≤ jδ ≤ r ≤ ∞ , can be approximatively cut into a set of j irreducible equivalent
completions F+
v
j′
δ
jδ
, 1 ≤ j′δ ≤ jδ (resp. F
+
v
j′
δ
jδ
), of rank N .
On the other hand, as a place is an equivalence class of completions, we have to take
into account a set of complex completions {Fωj,mj }mj , mj ∈ N , mj ≥ 1 , equivalent
to the basic completion Fωj at the j-th complex place ωj and characterized by the same
rank as Fωj . These complex equivalent completions Fωj,mj are generated from the basic
completion Fωj in a nilpotent way [Pie1].
Similarly, at a real place vjδ , a set of real completions {F
+
vjδ,mjδ
}mjδ equivalent to the
basic real completion F+vjδ
and characterized by the same rank has to be considered.
As it was indicated before, each complex completion Fωj is covered by the set {F
+
vjδ,mjδ
}
of m(jδ) = sup(mjδ) + 1 real equivalent completions F
+
vjδ,mjδ
.
Let
Fω = {Fω1 , . . . , Fωj,mj , . . . , Fωr,mr} (resp. Fω = {Fω1, . . . , Fωj,mj , . . . , Fωr,mr } )
denote the set of complex pseudo-ramified completions at the set of complex places ω (resp.
ω ) and let
F+v = {F
+
v1
, . . . , F+vjδ,mjδ
, . . . , F+vrδ,mrδ
} (resp. F+v = {F
+
v1
, . . . , F+vjδ,mjδ
, . . . , F+vrδ,mrδ
} )
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be the corresponding set of real pseudo-ramified compeltions at the set of real places v
(resp. v ).
Then, the direct sum of the complex pseudo-ramified completions is given by:
Fω⊕ = ⊕
j
⊕
mj
Fωj,mj (resp. Fω⊕ = ⊕j
⊕
mj
Fωj,mj )
while the direct sum of the real pseudo-ramified completions is given by:
Fv⊕ = ⊕
jδ
⊕
mjδ
Fvjδ,mjδ
(resp. Fv⊕ = ⊕
jδ
⊕
mjδ
Fvjδ,mjδ
).
And, a left (resp. right) pseudo-ramified adele semiring A Fω (resp. A Fω ) can be
introduced on the product of the basic primary completions Fωjp (resp. Fωjp ) and of their
equivalent completions Fωjp,mjp (resp. Fωjp,mjp ) over all primary complex places according
to:
A Fω = Π
jp
Fωjp Π
mjp
Fωjp,mjp , 1 ≤ jp ≤ r ≤ ∞ , mjp ≥ 1 ,
(resp. A Fω = Π
jp
Fωjp Π
mjp
Fωjp,mjp ).
Similarly, a left (resp. right) adele semiring A F+v (resp. A F+v
) can be introduced over
all primary real places according to:
A F+v
= Π
jδp
F+vjδp
Π
mjδp
F+vjδp ,mjδp
, 1 ≤ jδp ≤ r ≤ ∞
(resp. A F+v
= Π
jδp
F+vjδp
Π
mjδp
F+vjδp ,mjδp
).
1.2 The reductive bilinear algebraic semigroup G(n)(Fω × Fω)
The set Fω (resp. Fω ) of complex pseudo-ramified completions generates a tower of r
packets of completions following the complex places ωj (resp. ωj ), 1 ≤ j ≤ r : the left
(resp. right) tower of r packets of complex pseudo-ramified completions, restricted to the
upper (resp. lower) half space, is a one-dimensional complex linear affine semigroup noted
S
1
ωL
(resp. S 1ωR ). For reasons developed in [Pie1], we are interested in the product, right
by left, S 1ωR×S
1
ωL
of S 1ωR by its symmetric S
1
ωL
where S 1ωR×S
1
ωL
is a bilinear affine complex
semigroup.
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Similarly, a left (resp. right) tower of r packets of real pseudo-ramified completions is
a one-dimensional real affine semigroup S 1vL (resp. S
1
vR
) and the product, right by left,
S
1
vR
× S 1vL of S
1
vL
by S 1vR is a bilinear affine real semigroup.
The n-dimensional analog of S 1ωR × S
1
ωL
is a n2-dimensional bilinear affine semigroup
which is a reductive bilinear algebraic semigroup G(n)(Fω × Fω) isomorphic to the bilin-
ear algebraic semigroup of matrices GLn(Fω × Fω) with entries in Fω × Fω . Indeed,
GLn(Fω × Fω) ≡ T
t
n(Fω) × Tn(Fω) is a condensed notation for the product of the group
T tn(Fω) of lower triangular matrices with entries in Fω by the group Tn(Fω) of upper tri-
angular matrices with entries in Fω .
The bilinear algebraic semigroup G(n)(Fω×Fω) covers the corresponding linear algebraic
group G(n)(Fω − Fω) , where Fω − Fω = Fω ∪ Fω , as it was justified in [Pie1], since the
n2-dimensional representation space MFω ⊗MFω of GLn(Fω × Fω) then coincides with the
n2-dimensional representation space V of GLn(Fω − Fω) under some conditions given in
[Pie1].
As the bilinear algebraic semigroup G(n)(Fω×Fω) is built over Fω×Fω , it is composed
of r conjugacy classes, 1 ≤ j ≤ r , having multiplicities m(r) = sup(mr) + 1 , where m
(r)
denotes the number of equivalent representatives in the r-th conjugacy class. Remark that
the r conjugacy classes of G(n)(Fω × Fω) correspond to the r (bi)places of Fω × Fω .
1.3 Proposition
Let SMODFω (resp. SMODFω ) denote the category of Tn(Fω))-semimodules MFω (resp.
T tn(Fω)-semimodules MFω ) ⊂ GLn(Fω × Fω)-bisemimodules MFω ⊗MFω .
Then, the Tn(Fω)-semimodule MFω (resp. T
t
n(Fω)-semimodule MFω ) is a division Fω-
semialgebra (resp. a division Fω-cosemialgebra).
Proof. Indeed, according to the appendix of [Pie1], the Fω-semialgebra MFω (resp. Fω-
cosemialgebra MFω ) over the semiring Fω (resp. Fω ) is a semiring MFω (resp. MFω ) such
that:
a) (MFω ,+) (resp. (MFω ,+) ) is a unitary left Fω-semimodule (resp. right Fω-semimodule).
b) aL (mL nL) = (aL mL) nL = mL (aL nL) , ∀ aL ∈ Fω , mL, nL ∈MFω
(resp. (mR nR) aR = mR (nR aR) = mR (aR nR) , ∀ aR ∈ Fω , mR, nR ∈MFω ).
As MFω (resp. MFω ) is a left (resp. right) division semiring, MFω (resp. MFω ) is a
division Fω-semialgebra (resp. Fω-cosemialgebra).
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1.4 Definition : Fω × Fω-bisemialgebra
1) The Fω-semialgebra MFω is a monoid (MFω , µ, η) in SMODFω , in the sense that:
• MFω is assumed to be a unitary Fω-semimodule, i.e. a left vector semispace over
Fω viewed as the center of MFω ;
• µ : MFω ⊗MFω →MFω is a linear homomorphism;
• η : Fω → MFω is an injective homomorphism.
2) The Fω-cosemialgebra MFω is dually a comonoid (MFω ,∆, ε) in SMODFω in such a
way that:
• MFω is assumed to be a unitary MFω -semimodule, i.e. a right vector semispace
over Fω so that MFω is the dual of MFω ;
• ∆ : MFω → MFω ×MFω is a linear homomorphism called comultiplication;
• ε : MFω → Fω is a linear form.
3) ((MFω ⊗ MFω), µ, η,∆, ε) is a division (Fω × Fω)-bisemialgebra if (MFω , µ, η) is a
division Fω-semialgebra and if (MFω ,∆, ε) is a division Fω-cosemialgebra.
1.5 The bilinear parabolic subsemigroups
As the left (resp. right) complex pseudo-ramified completions Fωj (resp. Fωj ) and the
left (resp. right) real pseudo-ramified completions F+vjδ
(resp. F+vjδ
) are assumed to be
generated respectively from irreducible central complex completions Fω1j (resp. Fω1j ) of
rank N m(jδ) and from irreducible central real completions F+
v1jδ
(resp. F+
v1jδ
) of rank N ,
a set of left (resp. right) irreducible complex pseudo-ramified completions
Fω1 = {Fω11 , . . . , Fω1j,mj
, . . . , Fω1r,mr}
(resp. Fω1 = {Fω11, . . . , Fω1j,mj
, . . . , Fω1r,mr} )
can be introduced, as well as a set of left (resp. right) irreducible real pseudo-ramified
completions:
F+v1 = {F
+
v11δ
, . . . , F+
v1jδ,mjδ
, . . . F+v1rδ,mrδ
}
(resp. F+
v1
= {F+
v11δ
, . . . , F+
v1jδ,mjδ
, . . . F+
v1rδ,mrδ
} ).
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The n-dimensional smallest normal bilinear affine subsemigroup G(n)(Fω × Fω) (resp.
G(n)(F+v × F
+
v ) ) is the parabolic bilinear algebraic subsemigroup P
(n)(F 1ω × F
1
ω) (resp.
P (n)(F+
v1
× F+v1) ) isomorphic to the bilinear algebraic semigroup of matrices
GLn(Fω1 × Fω1) = T
t
n(Fω1)× Tn(Fω1)
(resp. GLn(F
+
v1
× F+v1) = T
t
n(F
+
v1
)× Tn(F
+
v1) )
with entries in products of irreducible completions.
The parabolic bilinear subsemigroup P (n)(F 1ω × F
1
ω) (resp. P
(n)(F+
v1
× F+v1) ) can be
considered as the unitary irreducible representation space of GLn(Fω×Fω) (resp. GLn(F
+
v ×
F+v ) ), [Pie1].
1.6 The bialgebra of bifunctions on G(n)(F+v × F
+
v )
The smooth differentiable real-valued functions on the real bilinear algebraic semigroup
G(n)(F+v × F
+
v ) are the tensor products (called bifunctions)
φ
(n)
GR
(xgR)⊗ φ
(n)
GL
(xgL)
of smooth differentiable functions φ
(n)
GL
(xgL) ∈ Ĝ
(n)
L (F
+
v ) , xgL ∈ G
(n)
L (F
+
v ) , of the algebra
Ĝ
(n)
L (F
+
v ) of these functions on the linear algebraic semigroup G
(n)
L (F
+
v ) , localized in
the upper half space, by the symmetric differentiable cofunctions φ
(n)
GR
(xgR) ∈ Ĝ
(n)
R (F
+
v ) ,
xgR ∈ G
(n)
R (F
+
v ) , of the coalgebra Ĝ
(n)
R (F
+
v ) of the cofunctions (or linear functionals) on
the linear algebraic semigroup G
(n)
R (F
+
v ) , localized in the lower half space.
As G(n)(F+v × F
+
v ) is partitioned into conjugacy classes on the biplaces vjδ × vjδ ,
1 ≤ jδ ≤ r , of F
+
R × F
+
L , we have to consider bifunctions φ
(n)
GjR
(xjδ) ⊗ φ
(n)
GjL
(xjδ) on
the conjugacy class representatives g
(n)
R×L[jδ, mjδ ] , also noted G
(n)(F+vjδ,mjδ
× F+vjδ,mjδ
) , of
G(n)(F+v × F
+
v ) .
As the conjugacy classes g
(n)
R×L[jδ] of G
(n)(F+v × F
+
v ) form an increasing sequence
g
(n)
R×L[1] ⊂ · · · ⊂ g
(n)
R×L[jδ] ⊂ · · · ⊂ g
(n)
R×L[r] ,
the bifunctions on the conjugacy class representatives g
(n)
R×L[jδ, mjδ ] also form an increasing
sequence:
φ
(n)
G1R
(xg1R )⊗ φ
(n)
G1L
(xg1L ) ⊂ · · · ⊂ φ
(n)
GjR
(xgjR )⊗ φ
(n)
GjL
(xgjL ) ⊂ · · · .
The bialgebra of all differentiable real-valued measurable bifunctions φ
(n)
GR
(xgR)⊗φ
(n)
GR
(xgL)
on G(n)(F+v × F
+
v ) satisfying:∫
G(n)(F+v ×F
+
v )
∣∣∣φ(n)GR(xgR)⊗ φ(n)GL(xgL)∣∣∣ dxgR dxgL <∞
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is noted L1−1R×L(G
(n)(F+v × F
+
v )) .
1.7 (Bisemi)sheaf of differentiable (bi)functions on
G(n)(F+v × F
+
v )
The set of real-valued differentiable functions φ
(n)
GL
(xgL) (resp. cofunctions φ
(n)
GR
(xgR) ) on
the left (resp. right) linear algebraic semigroup G
(n)
L (F
+
v ) (resp. G
(n)
R (F
+
v ) ) is a left (resp.
right) semisheaf of rings θ
G
(n)
L
(resp. θ
G
(n)
R
) because:
a) for all basic conjugacy class representatives g
(n)
L [jδ, mjδ = 0] (resp. g
(n)
R [jδ, mjδ = 0] ) of
the topological semispace G
(n)
L (F
+
v ) (resp. G
(n)
R (F
+
v ) ), we have a set θG(n)L
(g
(n)
L )[jδ, mjδ =
0] (resp. θ
G
(n)
R
(g
(n)
R )[jδ, mjδ = 0] );
b) for all pairs of basic conjugacy class representatives g
(n)
L [jδ, mjδ = 0] ⊂ g
(n)
L [jδ +
1, mjδ+1 = 0] (resp. g
(n)
R [jδ, mjδ = 0] ⊂ g
(n)
R [jδ + 1, mjδ+1 = 0] ) a restriction map
res
g
(n)
L
[jδ+1],g
(n)
L
[jδ]
: θ
G
(n)
L
(g
(n)
L [jδ + 1]) −−−→ θG(n)
L
(g
(n)
L [jδ])
(resp. res
g
(n)
R [jδ+1],g
(n)
R [jδ]
: θ
G
(n)
R
(g
(n)
R [jδ + 1]) −−−→ θG(n)R
(g
(n)
R [jδ]) ).
a) and b) generate a presemisheaf of rings θ
G
(n)
L
(resp. θ
G
(n)
R
) because it is a sheaf of
abelian semigroups for every left (resp. right) point xgL (resp. xgR ) of G
(n)
L (F
+
v ) (resp.
G
(n)
R (F
+
v ) ) where θG(n)L
(xgL) (resp. θG(n)R
(xgR) ) has the structure of a semiring [Pie1], [Ser1].
The presemisheaf θ
G
(n)
L
(resp. θ
G
(n)
R
) is a semisheaf of rings if for every collection
{g
(n)
L [jδ]}
r
j=1 (resp. {g
(n)
R [jδ]}
r
j=1 ) of basic conjugacy class representatives in G
(n)
L (F
+
v )
(resp. G
(n)
R (F
+
v ) ) with g
(n)
L = ∪g
(n)
L [jδ] (resp. g
(n)
R = ∪g
(n)
R [jδ] ), the map
res
g
(n)
L
: θ
G
(n)
L
(g
(n)
L [jδ]) −−−→ Π
jδ
θ
G
(n)
L
(g
(n)
L [jδ])
(resp. res
g
(n)
R
: θ
G
(n)
R
(g
(n)
R [jδ]) −−−→ Π
jδ
θ
G
(n)
R
(g
(n)
R [jδ]) )
is injective [Mum].
The set of real valued differentiable bifunctions φ
(n)
GR
(xgR)⊗φ
(n)
GL
(xgL) on G
(n)(F+v ×F
+
v )
is a bisemisheaf of rings, noted θ
G
(n)
R×L
= θ
G
(n)
R
⊗θ
G
(n)
L
, whose bisections are the differentiable
bifunctions φ
(n)
GjR
(xgjδ )⊗ φ
(n)
GjL
(xgjδ ) on the conjugacy class representatives g
(n)
R×L[jδ, mjδ ] of
G(n)(F+v × F
+
v ) .
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1.8 (Bi)ideal (bi)semisheaf of differentiable (bi)functions on the
bilinear parabolic semigroup P (n)(F+
v1
× F+
v1
)
Let F+
v1jδ
(resp. F+
v1jδ
) and F+
v1jδ,mjδ
(resp. F+
v1jδ,mjδ
) denote respectively the basic and the
equivalent irreducible real completions of the jδ-th real place vjδ (resp. vjδ ).
Let P (n)(F+
v1jδ
) (resp. P (n)(F+
v1jδ
) ) be the n-dimensional left (resp. right) linear affine
subsemigroup restricted to this jδ-th basic irreducible completion: it is then the jδ-th basic
conjugacy class representative of P (n)(F+v1) (resp. P
(n)(F+
v1
) ).
On P (n)(F+
v1jδ
) (resp. P (n)(F+
v1jδ
) ) we can introduce the ideal of complex-valued differ-
entiable left (resp. right) functions φ
(n)
PjL
(xpjδ ) (resp. φ
(n)
PjR
(xpjδ ) ).
This ideal φ
(n)
PjL
(xpjδ ) (resp. φ
(n)
PjR
(xpjδ ) ) is an equivalence class of all real valued differ-
entiable functions φ
(n)
PjL,mj
(xpjδ,mjδ
) (resp. φ
(n)
PjR
(xpjδ,mjδ
) ) on the conjugacy class equivalent
representatives P (n)(F+
v1jδ,mjδ
) (resp. P (n)(F+
v1jδ,mjδ
) ).
So, the set of left (resp. right) ideals φ
(n)
PjL
(xpjδ ) (resp. φ
(n)
PjR
(xpjδ ) ) of real valued
differentiable functions φ
(n)
GL
(xgL) (resp. cofunctions φ
(n)
GR
(xgR) ) is a left (resp. right)
ideal semisheaf of differentiable functions (resp. cofunctions) on the parabolic semigroup
P (n)(F+v1) (resp. P
(n)(F+
v1
) ).
And, the set of biideals {φ
(n)
PjR
(xpjδ )⊗φ
(n)
PjL
(xpjδ )} of differentiable bifunctions is a biideal
bisemisheaf, noted θ
P
(n)
R×L
= θ
P
(n)
R
⊗θ
P
(n)
L
, whose bisections are the biideals on the conjugacy
class representatives P (n)(F+
v1jδ
×F 1
v1jδ
) of the bilinear parabolic semigroup P (n)(F+
v1
×F+v1) .
1.9 (Bisemi)sheaf of complex valued differentiable (bi)functions
on G(n)(Fω × Fω)
Considering the inclusion
G(n)(F+v × F
+
v ) →֒ G
(n)(Fω × Fω)
of the real bilinear algebraic semigroup G(n)(F+v × F
+
v ) into the corresponding complex
bilinear algebraic semigroup G(n)(Fω × Fω) as envisaged in [Pie1], we can introduce the
semisheaf θ
(C )
GL
(resp. θ
(C )
GR
) of complex valued differentiable functions φ
(C )
G
(n)
L
(xgL) (resp.
cofunctions φ
(C )
G
(n)
R
(xgR) ) on the left (resp. right) linear algebraic semigroup G
(n)(Fω) (resp.
G(n)(Fω) ). θ
(C )
G
(n)
L
(resp. θ
(C )
G
(n)
R
) can be defined similarly as it was done in section 1.7 and,
in the following, the real case will be essentially considered.
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2 singularization and versal deformation
2.1 The singularization
2.1.1 General statement of the singularization process
The left (resp. right) semisheaf Θ
G
(n)
L
(resp. Θ
G
(n)
R
) is a semisheaf of smooth differentiable
functions on the conjugacy class representatives g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ) of the
left (resp. right) real linear algebraic semigroup G(n)(F+v ) ≃ Tn(F
+
v ) (resp. G
(n)(F+v ) ≃
T tn(F
+
v ) ).
Under some external perturbation(s), singularities can be generated on the left (resp.
right) semisheaf Θ
G
(n)
L
(resp. Θ
G
(n)
R
) in such a way that:
a) these singularities are produced symmetrically on the functions and cofunctions re-
spectively on the left and on the right conjugacy class representatives g
(n)
L [jδ, mjδ ] ∈
G(n)(F+v ) and g
(n)
R [jδ, mjδ ] ∈ G
(n)(F+v ) ): this results from the fact that G
(n)(F+v )
and G(n)(F+v ) are symmetrical algebraic semigroups localized in some small domains
respectively in the upper and in the lower half space. So, an external perturbation
affects in a similar way functions on the upper half space and cofunctions on the lower
half space.
b) on each function φ
(n)
GjL
(xgjδ ) on g
(n)
L [jδ, mjδ ] (resp. cofunction φ
(n)
GjR
(xgjδ )
on g
(n)
R [jδ, mjδ ] ), a same singularity (or a same set of singularities) is generated.
Indeed, according to a), the external perturbation is assumed to affect similarly and
symmetrically every function φ
(n)
GjL
(xgjδ ) and cofunction φ
(n)
GjR
(xgjδ ) .
The process of generation of singularities will be called a singularization. It consists
of a collapse of (a) normal crossings divisor(s) into a locus becoming singular: this is a
contracting surjective morphism corresponding to the inverse of a resolution of singularities
(see, for example, [Abh], [Ber], [DeJ], [Hir1, Hir2, Hir3], [Zar1, Zar2, Zar3]).
2.1.2 Definition: singularization of regular f -schemes
The left (resp. right) linear algebraic semigroup G(n)(F+v ) (resp. G
(n)(F+v ) ) plus the left
(resp. right) semisheaf Θ
G
(n)
L
(resp. Θ
G
(n)
R
) on it is a left (resp. right) affine semisheme
(G(n)(F+v ),ΘG(n)L
) (resp. (G(n)(F+v ),ΘG(n)R
) ) [Mum].
Every differentiable left (resp. right) function φ
(n)
GjL
(xgjδ ) (resp. φ
(n)
GjR
(xgjδ ) ) of ΘG(n)L
(resp. Θ
G
(n)
R
) being similarly affected by some external perturbation, will be considered
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as a “prototype” left (resp. right) scheme function, written in condensed form φL (resp.
φR ) and called a left (resp. right) f -scheme.
The singularization of the left (resp. right) regular f -scheme φL (resp. φR ) is a
contracting surjective morphism
ρL : φL → φ
∗
L ( ∗ is for “star” symbolizing the singularities)
(resp. ρR : φR → φ
∗
R )
yielding a left (resp. right) singular f -scheme φ∗L (resp. φ
∗
R ) below φL (resp. φR ) and
verifying:
1) φL (resp. φR ) and φ
∗
L (resp. φ
∗
R ) have the same dimension n .
2) the singular f -scheme φ∗L (resp. φ
∗
R ) is characterized by a singular locus ΣL (resp.
ΣR ) associated with the centre ZL (resp. ZR ) of the singularization of φ
∗
L (resp.
φ∗R ).
2.1.3 Proposition
The inverse morphism
ρ−1L : φ
∗
L → φL , (resp. ρ
−1
R : φ
∗
R → φR )
of the singularization of the left (resp. right) regular f -scheme φL (resp. φR ) corresponds
to the desingularization of φ∗L (resp. φ
∗
R ) if there exists an inclusion:
hL : φL →֒ φL (resp. hR : φR →֒ φR )
such that:
1) φL (resp. φR ) is a regular projective left (resp. right) f -scheme.
2) ρ−1L (ZL)∪ (φLrφL) (resp. ρ
−1
R (ZR)∪ (φRrφR) ) is a closed f -subscheme of φL (resp.
φR ) identified with a normal crossings divisor DL (resp. DR ).
Proof. The normal crossings divisor DL (resp. DR ) is a regular closed f -subscheme
of φL (resp. φR ) and is the image under ρ
−1
L ◦ hL (resp. ρ
−1
R ◦ hR ) (of the centre ZL
(resp. ZR )) of the singular locus ΣL (resp. ΣR ) above which ρL (resp. ρR ) is not an
isomorphism. The centre ZL (resp. ZR ) is generally in the singular locus ΣL (resp. ΣR )
but, up to now, no ad hoc definition of the centre working in any dimension has been
discovered [Hau].
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2.1.4 Definition: Normal crossings divisor
• A divisor has normal crossings if it can be defined locally by a monomial ideal.
• A normal crossings divisor DL (resp. DR ) will be assumed to be a closed f -subscheme
function on one or on a set of real irreducible completions F+
v
j′
δ
jδ
(resp. F+
v
j′
δ
jδ
) of rank
N (see section 1.1).
2.1.5 Proposition (singularization)
Let DL (resp. DR ) be a normal crossings divisor included into the left (resp. right) regular
f -scheme φL (resp. φR ) in such a way that:
φL = φL ∪DL (resp. φR = φR ∪DR ).
The singularization of φL (resp. φR ) into a singular locus ΣL (resp. ΣR ) is given by
the contracting surjective morphism:
ρL : φL → φ
∗
L (resp. ρR : φR → φ
∗
R )
such that:
a) ΣL ⊂ φ
∗
L (resp. ΣR ⊂ φ
∗
R ) be the union of the (homotopic) image of DL ⊂ φL (resp.
DR ⊂ φR ) and of a closed singular sublocus Σ
S
L ⊂ ΣL (resp. Σ
S
R ⊂ ΣR ) of φ
∗
L (resp.
φ∗R ):
ΣL = ρL(DL) ∪ Σ
S
L
(resp. ΣR = ρR(DR) ∪ Σ
S
R ).
b) ρL (resp. ρR ) restricted to:
ρisL : φL r ρ
−1
L (Σ
S
L) −−−→ φ
∗
L r ΣL
(resp. ρisR : φR r ρ
−1
R (Σ
S
R) −−−→ φ
∗
R r ΣR )
be an isomorphism.
Proof.
• The centre ZL (resp. ZR ) corresponds to the singular locus ΣL (resp. ΣR ) in the
case of curves because their singularities are isolated points.
For surfaces, the situation is more complicated because the singular locus consists of
a finite number of isolated points and irreducible curves which may be singular [Hau].
But generally, ZL ⊂ ρL(DL) (resp. ZR ⊂ ρR(DR) ).
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• On the other hand, the singular locus ΣL (resp. ΣR ) may factorize into:
ΣL = EL  IL (resp. ΣR = ER  IR )
where:
– EL (resp. ER ) is a power of the exceptional component ρL(DL) (resp. ρR(DR) ),
i.e. a monomial;
– IL (resp. IR ) is an ideal which has at each point of ΣL (resp. ΣR ) order less
than or equal to the order of ρL(DL) (resp. ρR(DR) ) along ZL (resp. ZR ).
IL (resp. IR ) is the weak transform of ρL(DL) (resp. ρR(DR) ).
• The singular sublocus ΣSL ⊂ φ
∗
L (resp. Σ
S
R ⊂ φ
∗
R ) results from singularizations
anterior to that of ρL(DL) (resp. ρR(DR) ) and then becomes the singular locus of
the following blowups of φ∗L r φL(DL) (resp. φ
∗
R r φR(DR) ): this corresponds to a
more general case than envisaged in proposition 2.1.3.
• Let:
ρSL : DL −−−→ ΣL r Σ
S
L
(resp. ρSR : DR −−−→ ΣR r Σ
S
R )
be the singularization map restricted to the singular locus ΣLrΣ
S
L (resp. ΣRrΣ
S
R ).
Then, ΣLrΣ
S
L (resp. ΣRrΣ
S
R ) is the contracting homotopic image of DL (resp. DR )
in the sense that the number nDL (resp. nDR ) of irreducible real completions on which is
defined DL (resp. DR ) is superior or equal to the number n(ΣLrΣSL) (resp. n(ΣRrΣSR) ) of
irreducible real completions on which is defined ΣL r Σ
S
L (resp. ΣR r Σ
S
R ):
nDL ≤ n(ΣLrΣSL) (resp. nDR ≤ n(ΣRrΣSR) ).
2.1.6 Proposition
The singularization ρL : φL → φ
∗
L (resp. ρR : φR → φ
∗
R ) of φL (resp. φR ) is assumed to
be given by the following sequence of contracting surjective morphisms:
φL ≡ φ
∗(0)
L
ρ
(1)
L−−→ φ
∗(1)
L
ρ
(2)
L−−→ φ
∗(2)
L −→ · · ·
ρ
(r−1)
L−−−→ φ
∗(r−1)
L
ρ
(r)
L−−→ φ
∗(r)
L
(resp. φR ≡ φ
∗(0)
R
ρ
(1)
R−−→ φ
∗(1)
R
ρ
(2)
R−−→ φ
∗(2)
R −→ · · ·
ρ
(r−1)
R−−−→ φ
∗(r−1)
R
ρ
(r)
R−−→ φ
∗(r)
R )
verifying
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1) the singular locus
ΣL ⊂ φ
∗
L ≡ φ
∗(r)
L (resp. ΣR ⊂ φ
∗
R ≡ φ
∗(r)
R )
is given by
ΣL ≡ Σ
(r)
L = Σ
(1)
L ∪ ρ
(2)
L (D
(1)
L ) ∪ · · · ∪ ρ
(ℓ)
L (D
(ℓ−1)
L ) · · · ∪ · · · ∪ ρ
(r)
L (D
(r−1)
L )
(resp. ΣR ≡ Σ
(r)
R = Σ
(1)
R ∪ ρ
(2)
R (D
(1)
R ) ∪ · · · ∪ ρ
(ℓ)
R (D
(ℓ−1)
R ) · · · ∪ · · · ∪ ρ
(r)
R (D
(r−1)
R ) ).
2) ρL (resp. ρR ) restricted to:
ρ
(is)
L : φL r ρ
−1
L (Σ
(r)
L ) −−−→ φ
∗
L r Σ
(r)
L
(resp. ρ
(is)
R : φR r ρ
−1
R (Σ
(r)
R ) −−−→ φ
∗
R r Σ
(r)
R )
is an isomorphism.
3) The orders of the singular subloci Σ
(ℓ)
L (resp. Σ
(ℓ)
R ) form an increasing sequence (from
left to right) parallely with the increase of (ℓ) , 1 ≤ ℓ ≤ r .
Proof.
• Let ρ
(sing)
L (resp. ρ
(sing)
R ) denote the complement of ρ
(is)
L (resp. ρ
(is)
R ) in ρL (resp. ρR ) :
it is defined by the increasing sequence of subloci:
ρ
(sing)
L : D
(0)
L
ρ
(1)
L−−→ Σ
(1)
L ∪D
(1)
L
ρ
(2)
L−−→ Σ
(2)
L ∪D
(2)
L
−→ · · ·
ρ
(ℓ)
L−−→ Σ(ℓ)L ∪D
(ℓ)
L −→ · · ·
ρ
(r)
L−−→ Σ(r)L
(resp. ρ
(sing)
R : D
(0)
R
ρ
(1)
R−−→ Σ(1)R ∪D
(1)
R
ρ
(2)
R−−→ Σ(2)R ∪D
(2)
R
−→ · · ·
ρ
(ℓ)
R−−→ Σ
(ℓ)
R ∪D
(ℓ)
R −→ · · ·
ρ
(r)
R−−→ Σ
(r)
R )
where
– Σ
(ℓ)
L = Σ
(ℓ−1)
L ∪ ρ
(ℓ)
L (D
(ℓ−1)
L ) (resp. Σ
(ℓ)
R = Σ
(ℓ−1)
R ∪ ρ
(ℓ)
R (D
(ℓ−1)
R ) );
– Σ
(ℓ)
L (resp. Σ
(ℓ)
R ) is the ℓ-th singular sublocus generated by the composition of
contracting surjective morphisms:
ρ
(1)
L ◦ · · · ◦ ρ
(ℓ−1)
L ◦ ρ
(ℓ)
L (resp. ρ
(1)
R ◦ · · · ◦ ρ
(ℓ−1)
R ◦ ρ
(ℓ)
R )
restricted to their action on the normal crossings divisors D
(0)
L · · ·D
(ℓ−1)
L (resp.
D
(0)
R · · ·D
(ℓ−1)
R ).
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• Let Σ
(ℓ−1)
L = E
(ℓ−1)
L  I
(ℓ−1)
L (resp. Σ
(ℓ−1)
R = E
(ℓ−1)
R  I
(ℓ−1)
R ) be the factorisation of the
singular sublocus Σ
(ℓ−1)
L (resp. Σ
(ℓ−1)
R ) as introduced in proposition 2.1.5.
And, let
ρ
(sing)(ℓ)
L : Σ
(ℓ−1)
L ∪D
(ℓ−1)
L −−−→ Σ
(ℓ)
L
(resp. ρ
(sing)(ℓ)
R : Σ
(ℓ−1)
R ∪D
(ℓ−1)
R −−−→ Σ
(ℓ)
R )
be the ℓ-th surjective morphism restricted to the singular sublocus Σ
(ℓ)
L (resp. Σ
(ℓ)
R ):
ρ
(sing)(ℓ)
L (resp. ρ
(sing)(ℓ)
R ) is a fibre bundle with fibre D
(ℓ−1)
L (resp. D
(ℓ−1)
R ).
Then, the order of Σ
(ℓ)
L (resp. Σ
(ℓ)
R ) at each point pL (resp. pR ), being the maximal
power of the maximal ideal of pL (resp. pR ), is superior to the order of Σ
(ℓ−1)
L (resp.
Σ
(ℓ−1)
R ).
Indeed, the factorisations of Σ
(ℓ−1)
L (resp. Σ
(ℓ−1)
R ) and of Σ
(ℓ)
L (resp. Σ
(ℓ)
R ) are respec-
tively given by:
Σ
(ℓ−1)
L = E
(ℓ−1)
L  I
(ℓ−1)
L (resp. Σ
(ℓ−1)
R = E
(ℓ−1)
R  I
(ℓ−1)
R )
and by
Σ
(ℓ)
L = E
(ℓ)
L  I
(ℓ)
L (resp. Σ
(ℓ)
R = E
(ℓ)
R  I
(ℓ)
R )
in such a way that the order of E
(ℓ)
L (resp. E
(ℓ)
R ) is superior or equal to the order of
E
(ℓ−1)
L (resp. E
(ℓ−1)
R ), taking into account [Hau] that, at the beginning,
Σ
(0)
L ≡ D
(0)
L = E
(0)
L  I
(0)
L (resp. Σ
(0)
R ≡ D
(0)
R = E
(0)
R  I
(0)
R )
is such that E
(0)
L = 1 (resp. E
(0)
R = 1 ) and D
(0)
L = I
(0)
L (resp. D
(0)
R = I
(0)
R ).
2.1.7 Definition: Corank of the singular locus
Let P (xL, yL, zL) (resp. P (xR, yR, zR) ) be the polynomial characterizing the singular
locus ΣL (resp. ΣR ). The number of variables of P (xL, yL, zL) (resp. P (xR, yR, zR) ) is
the corank of ΣL (resp. ΣR ).
This corank is inferior or equal to 3 according to [A-V-G1].
2.1.8 Ideals of differentiable functions
From the beginning of chapter 2, differentiable left (resp. right) functions of φ
(n)
GjL
(xgjδ )
(resp. φ
(n)
GjR
(xgjδ ) ) on the conjugacy class representatives g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] )
were taken into account (see section 2.1.1).
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If we consider the set {φ
(n)
GjL
(xgjδ )}mjδ (resp. {φ
(n)
GjR
(xgjδ )}mjδ ) of differentiable func-
tions on the jδ-th conjugacy class of G
(n)(F+v ) (resp. G
(n)(F+v ) ) restricted to the singular
loci ΣL[jδ, mjδ ] (resp. ΣR[jδ, mjδ ] ), we introduce an ideal of differentiable functions char-
acterized by the polynomial PjR(xL, yL, zL) (resp. PjL(xR, yR, zR) ) (see section 1.8).
2.1.9 Simple germs of differentiable functions
Assume that the singular locus ΣL[jδ, mjδ ] (resp. ΣR[jδ, mjδ ] ) is given by a singular point
of finite codimension. Then, the corresponding simple germs of differentiable functions are
the following [A-V-G1]:
AK : f(x) = x
k+1 , k≥1 ,
DK : f(x, y) = x
2y + yk−1 , k≥4 ,
E6 : f(x, y) = x
3 + y4 ,
E7 : f(x, y) = x
3 + xy3 ,
E8 : f(x, y) = x
3 + y5 .
They are described by the classical Dynkin diagrams.
Applying proposition 2.1.6, we shall now see how it is possible to generate a singular
point of corank 1 and myltiplicity k by a singularization of type Ak .
2.1.10 Proposition
A singularization of type Ak , given by the germ yL = x
k+1
L (resp. yR = x
k+1
R ) of differ-
entiable functions φ
(n)
GjL
(xgjδ ) (resp. φ
(n)
GjR
(xgjδ ) ) on the jδ-th conjugacy class of G
(n)(F+v )
(resp. G(n)(F+v ) ), is generated by the following sequence of contracting surjective mor-
phisms:
ρ
(sing)
L : D
(0)
L
ρ
(1)
L−−→ xL ∪D
(1)
L −→ · · ·
ρ
(k)
L−−→ xkL ∪D
(k)
L
ρ
(k+1)
L−−−→ xk+1L
(resp. ρ
(sing)
R : D
(0)
R
ρ
(1)
R−−→ xR ∪D
(1)
R −→ · · ·
ρ
(k)
R−−→ xkR ∪D
(k)
R
ρ
(k+1)
R−−−→ xk+1R )
restricted to the singular subloci Σ
(k)
L = x
k
L (resp. Σ
(k)
R = x
k
R ), 1 ≤ k ≤ k + 1 , in such a
way that:
1) the contracting surjective morphism:
ρ
(k)
L : x
k−1
L ∪D
(k−1)
L −−−→ x
k
L , 1 ≤ k ≤ k + 1 ,
(resp. ρ
(k)
R : x
k−1
R ∪D
(k−1)
R −−−→ x
k
R ),
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restricted to the singular sublocus Σ
(k)
L (resp. Σ
(k)
R ), is a fibre bundle whose fibre D
(k−1)
L
(resp. D
(k−1)
R ), being a normal crossings divisor on a real irreducible completion F
+
v
j′
δ
jδ
(resp. F+
v
j′
δ
jδ
) according to definition 2.1.4, collapses into the germ xkL (resp. x
k
R ).
The fibre D
(k−1)
L (resp. D
(k−1)
R ) is thus a contracting fibre).
2) ρL : φ
(n)
GjL
(xgjδ ) ∪ (D
(0)
L , · · · , D
(k)
L ) −−−→ φ
∗(n)
GjL
(xgjδ )
(resp. ρR : φ
(n)
GjR
(xgjδ ) ∪ (D
(0)
R , · · · , D
(k)
R ) −−−→ φ
∗(n)
GjR
(xgjδ ) )
is the singularization morphism of the differentiable function φ
(n)
GjL
(xgjδ )
(resp. φ
(n)
GjR
(xgjδ ) ) generating a germ yL = x
k+1
L (resp. yR = x
k+1
R ) on it.
3) ρ
(is)
L : φ
(n)
GjL
(xgjδ )r ρ
−1
L (Σ
(k+1)
L = x
k+1
L ) → φ
∗(n)
GjL
(xgjδ )r (Σ
(k+1)
L = x
k+1
L )
(resp. ρ
(is)
R : φ
(n)
GjR
(xgjδ )r ρ
−1
R (Σ
(k+1)
R = x
k+1
R ) → φ
∗(n)
GjR
(xgjδ )r (Σ
(k+1)
R = x
k+1
L ) )
is an isomorphism.
2.1.11 Corollary
Every contractive surjective morphism ρ
(k)
L of the sequence ρ
(sing)
L of proposition 2.1.10
provides a germ yL = x
k+1
L of type Ak at a singular point of corank 1 and multiplicity k in
such a way that this sequence ρ
(sing)
L of singularizations generates the following sequence
of simple germs:
x2L ⊂ x
3
L ⊂ · · · ⊂ x
k
L ⊂ x
k+1
L ⊂ · · · , 2 ≤ k <∞
characterized by increasing finite multiplicities.
2.2 The versal deformation
2.2.1 Generalities on the versal deformation
The versal deformation will be considered for germs of differentiable functions φ
(n)
GjL
(xgjδ )
(resp. φ
(n)
GjR
(xgjδ ) ) of the left (resp. right) semisheaf θG(n)L
(resp. θ
G
(n)
L
). These left (resp.
right) differentiable functions will be written φjδL (xL) (resp. φjδR (xR) ) where xL (resp.
xR ) is a n-tuple of numbers
xL = (x1L , x2L , · · · , xnL) ∈ (F
+
L )
n
(resp. xR = (x1R , x2R , · · · , xnR) ∈ (F
+
R )
n ).
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So, on the jδ-th conjugacy class of the algebraic semigroup G
(n)(F+v ) ≡ Tn(F
+
v ) (resp.
G(n)(F+v ) ≡ T
t
n(F
+
v ) ), there is:
1) a set of left (resp. right) differentiable functions φjδ,mjδ (xL) (resp. φjδ,mjδ (xR) ) which
are the sections of the left (resp. right) semisheaf θ
G
(n)
L
(resp. θ
G
(n)
R
).
2) a germ φjδ(ωL) (resp. φjδ(ωR) ) (or a set of germs) of differentiable functions, where
ωL (resp. ωR ) denotes a m-tuple of numbers, 1 ≤ m ≤ 3 .
This germ φjδ(ωL) (resp. φjδ(ωR) ) is assumed to be:
• simple and of corank ≤ 3 ;
• associated with an isolated singularity of order k .
As the corank of the singularity is not superior to 3 , the n-tuple of numbers of (F+L )
n
(resp. (F+R )
n ), restricted to a small domain centered on the singularity, will be rewritten
according to:
x′L = (x1L , · · · , xnL−mL , ω1L, · · · , ωmL) , 1 ≤ mL ≤ 3
(resp. x′R = (x1R , · · · , xnR−mR , ω1R, · · · , ωmR) ).
The finite determinacy was first envisaged for germs having an isolated singularity: this
is the pioneer work of H. Grauert and H. Kerner [G-K], R. Thom, [Tho1], [Tho2], [Lev],
J. Mather, [Mat1], [Mat2], [Mat3], V.I. Arnold [Arn1], J.C. Tougeron [Tou], B. Malgrange
[Mal], and others.
Afterwards, this problem was generalized to functions having a fixed analytic set Σ as
critical set. If I denotes the ideal of functions on this critical set Σ , the finite I-determinacy
of these functions and their versal I-unfoldings were considered and proved in [Sie] and
[Pel].
With this in view, the preparation theorem and the versal deformation will be recalled
for germs φjδ(ωL) (resp. φjδ(ωR) ) of differentiable functions having an isolated singularity
of corank 1 and order k .
2.2.2 The division theorem
Let x′L = (x1L , · · · , xnL−1, ωL) (resp. x
′
R = (x1R , · · · , xnR−1, ωR) ) denote the coordinates
of (F+L )
n (resp. (F+R )
n ).
A germ φjδ(ωL) (resp. φjδ(ωR) ) has a singularity of corank 1 (then, m = 1 ) and order k
in ωL (resp. ωR ) if φjδ(0, ωL) = ω
k
L ejδ(ωL) (resp. φjδ(0, ωR) = ω
k
R ejδ(ωR) ), where ejδ(ωL)
(resp. ejδ(ωR) ) is a differentiable unit, i.e. verifying ejδL (0) 6= 0 (resp. ejδR (0) 6= 0 ).
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Let θ[ωL] (resp. θ[ωR] ) be the algebra of polynomials in ωL (resp. ωR ) with coefficients
aijδ(xL) (resp. aijδ(xR) ), being ideals of functions defined on a domain DL ⊂ BL (resp.
DR ⊂ BR ) where:
• BL (resp. BR ) is an upper (resp. lower) half open ball centered on ωL (resp. ωR ) in
φjδ(xL) (resp. φjδ(xR) );
• xL = (x1L , · · · , xnL−1) (resp. xR = (x1R , · · · , xnR−1) ) is the (n− 1)-tuple of x
′
L (resp.
x′R ) in (F
+
L )
n−1 (resp. (F+R )
n−1 ).
If the germ φjδ(ωL) (resp. φjδ(ωR) ) has order k in ωL (resp. ωR ), then, for every
n-dimensional differentiable function (germ) fjδL (resp. fjδR ), there exists a (n − 1)-
dimensional differentiable function (germ) qjδL (resp. qjδR ) and a polynomial:
RjδL =
s
Σ
i=1
aijδ(xL) ω
i
jδL
∈ θ[ωL]
(resp. RjδR =
s
Σ
i=1
aijδ(xR) ω
i
jδR
∈ θ[ωR] )
with degree s < k such that:
fjδL = φjδL (ωL)  qjδL +RjδL
(resp. fjδR = φjδR (ωR)  qjδR +Rjδr )
be the division theorem (adapted to the left and right cases) introduced by B. Malgrange in
[Mal]. The Malgrange division theorem, closely related to the version of J. Mather [Mat1],
[Mat2], [Mat3], is the differentiable version of the Weierstrass division theorem [G-R].
2.2.3 The division theorem (corank 2 case)
The division theorem, recalled in section 2.2.2 for germs of differentiable functions having
an isolated singularity of corank 1, can easily be generalized to germs φjδ(ω1L , ω2L) (resp.
φjδ(ω1R, ω2R) ) having an isolated singularity of corank 2.
Indeed, a germ φjδ(ω1L , ω2L) (resp. φjδ(ω1R, ω2R) ) has a singularity of corank 2 and
order k in ω1L and ω2L (resp. ω1R and ω2R ) if:
a) φjδ(ω1L, ω2L) = Pjδ(ω1L , ω2L) ejδ(ω1L , ω2L)
(resp. φjδ(ω1R, ω2R) = Pjδ(ω1R , ω2R) ejδ(ω1R , ω2R) )
where:
• Pjδ(ω1L, ω2L) (resp. Pjδ(ω1R , ω2R) ) is a polynomial of degree k in ω1L or in ω2L
(resp. ω1R or in ω2R );
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• ejδ(ω1L, ω2L) (resp. ejδ(ω1R , ω2R) ) is a differentiable unit.
b) the polynomial RjδL ∈ θ[ω1L , ω2L] (resp. RjδR ∈ θ[ω1R , ω2R] ) of the quotient algebra
has degree ℓ < k , in such a way that this quotient algebra be a finitely generated
tensorial space of type (0, 2) and dimension ℓ ≤ k .
2.2.4 singularization of the semisheaf θ
G
(n)
L
(resp. θ
G
(n)
R
)
Let θ
G
(n)
L
(resp. θ
G
(n)
R
) be the semisheaf of left (resp. right) smooth differentiable functions
φjδ(xL) (resp. φjδ(xR) ).
And, let
ρGL : θG(n)L
−−−→ θ∗
G
(n)
L
(resp. ρGR : θG(n)R
−−−→ θ∗
G
(n)
R
)
be the singularization of θ
G
(n)
L
(resp. θ
G
(n)
R
), in the sense of proposition 2.1.6, in such a way
that θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) be the semisheaf whose sections φ
∗(n)
GjδL
(xgjδ ) (resp. φ
∗(n)
GjδR
(xgjδ ) ) are
the differentiable functions φ
(n)
GjδL
(xgjδ ) (resp. φ
(n)
GjδR
(xgjδ ) ) endowed with germs φjδ(ωL)
(resp. φjδ(ωR) ) having degenerate singularities of corank 1 .
2.2.5 Proposition (Versal deformation)
The versal deformation of the semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) is given by the contracting fibre
bundle:
DSL : (θ
∗
G
(n)
L
r θL(a))× θ[ωL] −−−→ θ
∗
G
(n)
L
(resp. DSR : (θ
∗
G
(n)
R
r θR(a))× θ[ωR] −−−→ θ
∗
G
(n)
R
)
where:
• θL(a) (resp. θR(a) ) is the (semi)sheaf of ideals aijδ(xL) (resp. aijδ(xR) ) of differen-
tiable functions as introduced in section 2.2.2.
• θ[ωL] (resp. θ[ωR] ) is the algebra of polynomials RjδL (resp. RjδR ) introduced in
section 2.2.2
and whose fibre
θSL = {θ
1(ω1L), · · · , θ
1(ωiL), · · · , θ
1(ωsL)}
(resp. θSR = {θ
1(ω1R), · · · , θ
1(ωiR), · · · , θ
1(ωsR)} )
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is the family of the (semi-)sheaves of the left (resp. right) base SL (resp. SR ) of the versal
deformation.
Proof. θfL (resp. θfR ) is the (semi)sheaf of differentiable functions
fjδL = φjδ(ωL)  qjδL +RjδL
(resp. fjδR = φjδ(ωR)  qjδR +RjδR )
introduced in section 2.2.2.
The polynomials RjδL ∈ θ[ωL] (resp. RjδR ∈ θ[ωR] ) have as coefficients the ideals of
functions aijδ(xL) (resp. aijδ(xR) ) on the differentiable functions φjδ(xL) (resp. φjδ(xR) ):
so we have
ajδL (xL) ⊂ φjδ(xL)
(resp. ajδR (xR) ⊂ φjδ(xR) ).
Then, it appears that:
θ∗
G
(n)
L
× θSL = (θ
∗
G
(n)
L
r θL(a))× θ[ωL]
(resp. θ∗
G
(n)
R
× θSR = (θ
∗
G
(n)
R
r θR(a))× θ[ωR] ),
and, thus, that θSL (resp. θSR ) is the fibre of the contracting fibre bundle DSL (resp.
DSR ) rewritten as follows [Ste]:
DSL : θ
∗
G
(n)
L
× θSL −−−→ θ
∗
G
(n)
L
(resp. DSR : θ
∗
G
(n)
R
× θSR −−−→ θ
∗
G
(n)
R
).
2.2.6 Proposition
Let θvers
G
(n)
L
= θ∗
G
(n)
L
×θSL (resp. θ
vers
G
(n)
R
= θ∗
G
(n)
R
×θSR ) denote the semisheaf unfolded from θ
∗
G
(n)
L
(resp. θ∗
G
(n)
R
): it is the total space of the fibre bundle DSL (resp. DSR ).
Let Σ
G
(n)
L
(resp. Σ
G
(n)
R
) be the singular locus of θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
): it is the sheaf θφωL
(resp. θφωR ) of germs φjδ(ωL) (resp. φjδ(ωR) ) of differentiable functions.
Then, we have that:
a) the unfolded image D−1SL (θφωL ) (resp. D
−1
SR
(θφωR ) ) of the singular locus ΣG(n)L
(resp.
Σ
G
(n)
R
) is the (semi)sheaf θfL (resp. θfR ):
θfL = D
−1
SL
(θφωL )
(resp. θfR = D
−1
SR
(θφωR ) );
32
b) D−1SL (θ
∗
G
(n)
L
r θφωL ) = (θ
∗
G
(n)
L
rD−1SL (θφωL ))r θSL
(resp. D−1SR(θ
∗
G
(n)
R
r θφωR ) = (θ
∗
G
(n)
R
rD−1SR(θφωR ))r θSR ).
Proof. By versal deformation, θSL (resp. θSR ) is the fibre of the sheaf θφωL (resp. θφωR )
of germs of differentiable functions, outside of which DSL (resp. DSR ) is an isomorphism:
this is reflected by the equality b) of this proposition.
2.2.7 Definition
The quotient algebra θ[ωL] (resp. θ[ωR] ) of germs φjδ(ωL) (resp. φjδ(ωR) ) having a
singularity of corank 1 and multiplicity (k − 1) is the quotient of the algebra EnL (resp.
EnR ) of function germs (generally, it is the algebra of integer power series) by the graded
ideal IφωL (resp. IφωR ) of φjL(ωL) (resp. φjR(ωR) ):
θ[ωL] = EnL
/
IφωL , n = 1
(resp. θ[ωR] = EnR
/
IφωR )
where:
IφωL = EnL 〈φ
(1)
L , · · · , φ
(k−1)
L 〉
(resp. IφωR = EnR 〈φ
(1)
R , · · · , φ
(k−1)
R 〉 )
is generated by the partial derivatives φ
(k−1)
L (resp. φ
(k−1)
R ) of φjδ(ωL) (resp. φjδ(ωR) ),
[A-G-L-V].
The quotient algebra is thus finitely generated: it is composed of the polynomials
RjδL ∈ θ[ωL] (resp. RjδR ∈ θ[ωR] ) (see section 2.2.2), which generate vector (semi)spaces
of dimension s < k , and proceeds from a set of contracting morphisms extended those
considered in the singularization processes as developed in proposition 2.1.6.
2.2.8 Proposition
1) The versal deformations of the germ yL = ω
k+1
L (resp. yR = ω
k+1
R ) of differentiable
functions φ
(n)
GjδL
(xgjδ ) (resp. φ
(n)
GjδR
(xgjδ ) ) is generated by a sequence
D
S
(k+1)
L
= (D
(1)
S
(k+1)
L
, · · · , D(i)
S
(k+1)
L
, · · · , D(k−1)
S
(k+1)
L
)
(resp. D
S
(k+1)
R
= (D
(1)
S
(k+1)
R
, · · · , D
(i)
S
(k+1)
R
, · · · , D
(k−1)
S
(k+1)
R
) )
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of (k − 2) contracting morphisms D
(i)
S
(k+1)
L
(resp. D
(i)
S
(k+1)
R
) extending the sequence of
contracting surjective morphisms ρ
(sing)
L (resp. ρ
(sing)
R ) of singularization according to
the following diagram:
ρ
(sing)
L
: D
(0)
L
→ · · ·
ρ
(3)
L
−−−→ ω
(3)
L
∪D
(3)
L
→ · · ·
ρ
(i)
L
−−−→ ω
(i)
L
∪D
(i)
L
→ · · ·
ρ
(k)
L
−−−→ ω
(k)
L
∪D
(k)
L
ρ
(k+1)
L
−−−−−−→ ω
(k+1)
L
∪ ∪ ∪ ∪
D
′(1)
L
D
′(i−2)
L
D
′(k−2)
L
D
′(k−1)
LyD(1)
S
(k+1)
L
yD(i−2)
S
(k+1)
L
yD(k−2)
S
(k+1)
L
yD(k−1)
S
(k+1)
L
ω3L
+a1ω
1
L
−−−−−−→ ω
i
L
+
i−2
Σ
i=1
aiω
i
L
−−−−−−→ ω
k
L
+
k−2
Σ
i=1
aiω
i
L
−−−−−−→ ω
k+1
L
+
k−1
Σ
i=1
aiω
i
L
(idem for the R-case)
where D
′(i−2)
L is a normal crossings divisor on a real (or a set of) irreducible comple-
tion(s) F+
v
j′
δ
jδ
mapped onto the neighbourhood of the germ yL = ω
i
L .
2) If φ
∗(n,i)
GjδL
(xgjδ ) denotes the function having a germ yL = ω
i
L of codimension (i − 2) ,
then, the D
(i−2)
S
(k+1)
L
contracting morphism corresponds to the contracting fibre bundle:
D
(i−2)
S
(k+1)
L
: φ
∗(n,i)
GjδL
(xgjδ )× ω
i−2
L −−−→ φ
∗(n,i)
GjδL
(xgjδ )
in such a way that:
• D
(i−2)
S
(k+1)
L
⊂ D
S
(k+1)
L
;
• ωi−2L is the contracting fibre, i.e. the divisor D
′(i−2)
L in the neighbourhood of
yL = ω
i
L on a(i−2)j(xL) ⊂ φ
∗(n,i)
GjδL
(xgjδL
) .
Proof.
1) The versal deformation of a germ yL = ω
k+1
L is an extension of its singularization as
described in proposition 2.1.10. Indeed, to the i-th contracting surjective morphism
of singularization:
ρ
(i)
L : ω
i−1
L ∪D
(i−1)
L −−−→ ω
i
L , 1 ≤ i ≤ k + 1 ,
introduced in proposition 2.1.10 as a contracting fibre bundle whose fibre D
(i−1)
L
(which is a normal crossings divisor) collapses into one point on the germ yL = ω
i−1
L ,
corresponds the contracting fibre bundle D
(i−2)
S
(k+1)
L
of the versal deformation D
S
(k+1)
L
:
D
(i−2)
S
(k+1)
L
: φ
∗(n,i)
GjL
(xgjL )× ω
i−2
L −−−→ φ
∗(n,i)
GjL
(xgjL )
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in such a way that the divisorD
′(i−2)
L be projected in the neighbourhood of the singular
germ yL = ω
k+1
L where it is rewritten ω
i−2
L .
So, from the third contracting surjective morphism of singularization ρ
(3)
L , where
the singularity becomes degenerated, we can associate to each contracting surjective
morphism of singularization ρ
(i)
L , 3 ≤ i ≤ k + 1 , a contracting fibre bundle D
(i−2)
S
(k+1)
L
,
i− 2 ≤ i ≤ k + 1 , of versal deformation.
2) And, to the sequence of singularizations:
ρ
(3)
L , · · · , ρ
(i)
L , · · · , ρ
(k)
L , ρ
(k+1)
L ,
corresponds the sequence of versal subdeformations:
D
(1)
S
(k+1)
L
⊂ · · · ⊂ D
(i−2)
S
(k+1)
L
⊂ · · · ⊂ D
(k−2)
S
(k+1)
L
⊂ D
(k−1)
S
(k+1)
L
,
which are embedded and which correspond to the sequence of (k−1) embedded vector
sub(semi)spaces generated by the polynomials:
R
(1)
jδL
⊂ · · · ⊂ R(i−2)jδL
⊂ · · · ⊂ R(k−2)jδL
⊂ R(k−1)jδL
,
where R
(i−2)
jδL
is the truncated polynomial of the quotient algebra θ[ωL] introduced in
section 2.2.2 and given by:
R
(i−2)
jδL
=
i−2
Σ
i=1
aijδ(xL) ω
i
jδL
.
3) The order of the divisors D
′(i−2)
L , projected in the neighbourhood of the singular germ
yL = ω
k+1
L , increases in function of the increase of the dimension of the generated
vector sub(semi)spaces R
(i−2)
j , i− 2 ≤ i ≤ k + 1 , of the versal deformation, because
the space around the singularity becomes “over” compact when the dimension of
the versal deformation increases. In fact, it will be proved in the following that the
geometry of the space around the singularity deformed by versal unfolding is spherical.
2.2.9 Corollary
The sequence D
S
(k+1)
L
(resp. D
S
(k+1)
R
) of contracting morphisms generating the versal de-
formations of singular germs of corank 1 and multiplicity ≥ 1 explains why the quotient
algebra θ[ωL] (resp. θ[ωR] ) of the versal deformation is finitely determined [Mat3].
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2.3 The geometry of the versal deformation
The geometry of the versal deformation will be envisaged for the sections φ
(n)
GjL
(xgjδ ) (resp.
φ
(n)
GjR
(xgjδ ) ) of the left (resp. right) semisheaf θG(n)L
(resp. θ
G
(n)
R
). These sections are
assumed to be differentiable functions having singular germs φjδ(ωL) (resp. φjδ(ωR) ) of
corank m ≤ 3 and multiplicity “ i ”, 1 ≤ i ≤ n (see section 2.2.1).
Let Σ
φ
(n)
GjL
(resp. Σ
φ
(n)
GjR
) denote the singular locus of a singular germ φjδ(ωL) (resp.
φjδ(ωR) ) of corank m and multiplicity “ i ” and let DΣφGjL
(resp. DΣφGjR
) be the
neighbourhood of this singular locus whose curvature is affected by the singularity.
2.3.1 Proposition
The geometry is hyperbolic on the neighbourhood DΣφGjL
(resp. DΣφGjR
) of the singular
locus Σ
φ
(n)
GjL
(resp. Σ
φ
(n)
GjR
) of a not unfolded singular germ of corank m ≤ 3 and multiplicity
“ i ”, 1 ≤ i ≤ n .
Proof. The main idea consists in showing that there is a deviation to euclidicity in
DΣφGjL
(resp. DΣφGjR
) of the differentiable function φ
(n)
GjL
(xgjδ ) (resp. φ
(n)
GjR
(xgjδ ) ) of
dimension n .
This deviation to euclidicity can be evaluated by searching the conditions to which
must satisfy the metric ds2 = gij du
i duj in the neighbourhood DΣφGjL
(resp. DΣφGjR
) of
the singular locus.
General conditions in the Euclidean and non Euclidean cases were developed by E.
Cartan in his classical book “lec¸ons sur la ge´ome´trie des espaces de Riemann” [Car] to
which we refer.
The developments will be envisaged for the left and right cases without distinction:
thus, we omit the “ L” and “ R ” and we simplify the notations:
• DΣφGjL
and DΣφGjR
become DΣ ;
• Σ
φ
(n)
GjL
and Σ
φ
(n)
GjR
become Σ ;
• φ
(n)
GjL
(xgjδ ) and φ
(n)
GjR
(xgjδ ) become φ
(n) .
1) Consider first the Euclidean case and remark that there does not exist in general a
coordinate system giving to the Euclidean space a fix metric.
Let M be a point of coordinates (u1, · · · , un) on φ(n)rDΣrΣ and let (
−→e 1, · · · ,
−→e n)
be the basis vectors of the proper referential centred on the point M , such that the
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components:
• dM = dui −→e i , 1 ≤ i ≤ n ,
• d−→e i = Γ
k
ij du
j −→e k where Γ
k
ij =
1
2
(
∂gik
∂uj
+ ∂gik
∂ui
−
∂gij
∂uk
)
,
do not belong to a stratum on (DΣ ∪ Σ) .
The integrability conditions of d−→e i = Γ
k
ij du
j −→e k are precisely the searched condition
to which the gij must satisfy.
These integrability conditions can be obtained geometrically as follows.
To each point M will correspond a point P in the neighbourhood of M . This point
P is defined by its coordinates (x1, · · · , xn) with respect to the referential of the point
M .
The components of the differential of the point P are given by:
Dxi = dxi + dui + xk Γikr du
r
such that
Drx
i =
∂xi
∂ur
+ δir + x
k Γikr with δ
i
r

= 0 , if i 6= r ,= 1 , if i = r .
Let then M ′ , M ′′ and M
′′′
be the points obtained as follows: the first M ′ is obtained
by increasing the coordinate ur by an infinitesimal parameter α , the second M ′′ by
increasing the coordinate us by an infinitesimal parameter β , and the third M
′′′
by
increasing the coordinate ur by α and the coordinate us by β .
Let P ′ , P ′′ and P
′′′
be the points corresponding to the points M ′ , M ′′ and M
′′′
respectively.
The infinitesimal small vector
−−→
PP ′ has the “ i ” contravariant components given by
αDrx
i .
On the other hand, to the elementary variations MM ′′′ = {δu1 = 0, · · · , δur =
α, · · · , δus = β, · · · , δun = 0} of the points M will correspond the infinitesimal small
vector
−−−→
P
′′
P
′′′
−
−−→
PP ′ whose components αβDsDrx
i are given by:
DsDrx
i =
∂Drx
i
∂us
+Drx
kΓiks
=
∂2xi
∂ur ∂us
+
∂xk
∂us
Γikr + x
k ∂Γ
i
kr
∂us
+
∂xk
∂ur
Γiks + Γ
i
rs + x
kΓhkrΓ
i
hs .
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Similarly, the infinitesimal small vector
−−−→
P ′P
′′′
−
−−→
PP
′′
has for components αβDrDsx
i .
An elementary calculus gives that DrDsx
i−DsDrx
i = 0 , which leads to the searched
integrability conditions of d−→e i = Γ
k
ijdu
j −→e k :
∂Γkri
∂us
−
∂Γksi
∂ur
+ (ΓhirΓ
k
hs − Γ
h
isΓ
k
hr) = 0
corresponding to the conditions to which the Euclidean metric gij must satisfy.
2) Consider the integrability conditions of d−→e i′ for the components i
′ , 1 ≤ i′ ≤ m , of
a stratum Σ of corank m .
Each function φ(n)(u1, · · · , ui, · · · , un−m, · · · , v1, · · · , vi′ , · · · , vm) , 1 ≤ i ≤ n − m ,
1 ≤ i′ ≤ m , having M as critical point(s) [Tho1] on Σ must satisfy:
∂φ(n)
∂v1
∣∣∣∣
M
= · · · =
∂φ(n)
∂vm
∣∣∣∣
M
= 0 ,
i.e.
lim
∆vi′→0
(
φ(n)(u1, · · · , ui, · · · , un−m, v1, · · · , vi′ +∆vi′ , · · · , vm)
−φ(n)(u1, · · · , ui, · · · , un−m, v1, · · · , vi′ , · · · , vm)
)/
∆vi′
∣∣∣
M
= 0 , 1 ≤ i′ ≤ m ,
which implies that:
lim
∆vi′→0
φ(n)(u1, · · · , un−m, v1, · · · , vi′ +∆vi′ , · · · , vm)
= φ(n)(u1, · · · , un−m, v1, · · · , vi′ , · · · , vm)
in the neighbourhood DΣ of Σ .
This means that, in the 1 ≤ i′ ≤ m dimensions of the singular locus Σ , the differentials
of the basic vectors −→e i′ must by given by:
d−→e i′ = Γ
k′
i′j′dv
j′−→e k′ − κgi′kdv
k′
M(u1, · · · , un−m, v1, · · · , vm) , with κ ∈ R + ,
because ‖d−→e i′‖ < ‖d
−→e i‖ in the neighbourhood DΣ of the singular locus Σ .
Similarly, the components of the differential of the point P (x1
′
, · · · , xn
′
) in the i′ ,
1 ≤ i′ ≤ m , dimensions of Σ will then be:
Dxi
′
= dxi
′
+ dvi
′
+ xk
′
Γi
′
k′r′dv
r′ − κgi′k′dv
k′
such that
Dr′x
i′ =
∂xi
′
∂vr′
+ δi
′
r′ + x
k′Γi
′
k′r′ − κgi′k′δ
k′
r′
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corresponds to the r′-th component of the infinitesimally small vector
−−→
PP ′/α′ .
Calculating Dr′Ds′x
i′ −Ds′Dr′x
i′ , we find the integrability conditions of d−→e i′ :
∂Γk
′
i′r′
∂vs′
−
∂Γk
′
i′s′
∂vr′
+ (Γh
′
i′r′Γ
k′
h′s′ − Γ
h′
i′s′Γ
k′
h′r′) = −κ (δ
k′
s′ gi′r′ − δ
k′
r′ gi′s′)
which clearly do not correspond to the conditions given in 1) to which the coefficients
gij must satisfy in order that ds
2 be Euclidean.
We thus have a non-Euclidean hyperbolic metric of curvature “ −κ ” on each stratum
DΣ in the neighbourhood of the singular locus Σ .
3) These developments correspond to those of Hironaka [Hir3] who showed that there is
a normal cone along the singular locus Σ .
2.3.2 The limit set of the Kleinian group
A Kleinian group G of R
n
= R n ∪ {∞} is the group of Mo¨bius transformations of R
n
if
it acts discontinuously somewhere in R n .
The action of the Kleinian group G of R
n
can be extended to H
n+1
= Hn+1∪R
n
where
Hn+1 = {(x1, · · · , xn+1) ∈ R
n+1 : xn+1 > 0} is the (n + 1)-dimensional hyperbolic space:
G thus acts as a group of isometrics of Hn+1 with the hyperbolic metric.
The orbit space MG associated with the Kleinian group G is defined by:
MG = H
n+1
r L(G))
/
G
where L(G) denotes the limit set of a discrete Kleinian group G [Mil1], [Tuk1], [Tuk2].
This limit set is the closure of the set of fixed points of non-elliptic elements of G [Abi].
It is a nowhere dense set whose area measure is zero: this corresponds to the zero-measure
problem of Ahlfors [Ahl].
A discrete Kleinian group G is said to be elementary if L(G) consists of at most two
points.
An ordinary set Ω(G) of a Kleinian group G is defined by Ω(G) = R
n
r L(G) : it is
the region of discontinuity of G .
Recall that a Mo¨bius transformation g of R
n
is loxodromic if it is a transformation of
the form g(x) = λα(x) where x ∈ R n , λ > 1 and α ∈ O(n) is the orthogonal group of R n .
g is hyperbolic if α = id., elliptic if λ = 1 and parabolic if g has the form g(x) = α(x) + a
where a ∈ R n r {0} and α(a) = a .
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2.3.3 Left and right actions of the Kleinian group
Similarly, we can introduce left (resp. right) Mo¨bius transformations gL (resp. gR ) acting
discontinuously in (F+L )
n (resp. (F+R )
n ) in the upper (resp. lower) half space and left (resp.
right) actions of the Kleinian group on the upper (resp. lower) n-dimensional hyperbolic
half space HnL (resp. H
n
R ).
The left (resp. right) orbit space MGL (resp. MGR ) associated with the left (resp.
right) action of the Kleinian group is given by:
MGL = H
n
L r L(GL)
/
GL (resp. MGR = H
n
R r L(GR)
/
GR )
where L(GL) (resp. L(GR) ) denotes the limit set of the Kleinian group GL (resp. GR )
acting on the upper (resp. lower) half space.
And, a left (resp. right) ordinary set Ω(GL) (resp. Ω(GR) ) of GL (resp. GR ) is defined
by:
ΩGL = (F
+
L)
n
r L(GL) (resp. ΩGR = (F
+
R)
n
r L(GR) )
where
(F
+
L)
n = (F+L )
n ∪ {∞} (resp. (F
+
R)
n = (F+R )
n ∪ {∞} ).
2.3.4 Proposition
Let Σ
φ
(n)
GjL
(resp. Σ
φ
(n)
GjR
) denote the singular locus of a germ φjδ(ωL) (resp. φjδ(ωR) ) of
corank m , 1 ≤ m ≤ 3 , on the differentiable function φ
(n)
gjL
(xgjδ ) (resp. φ
(n)
gjR
(xgjδ ) ) and let
DΣφGjL
(resp. DΣφGjR
) be the neighbourhood of this singular locus.
Then, it can be asserted that:
1) the limit set L(GL) (resp. L(GR) ) of the Kleinian group GL (resp. GR ) corresponds
to the singular locus Σ
φ
(n)
GjL
(resp. Σ
φ
(n)
GjR
).
2) the ordinary set Ω(GL) (resp. Ω(GR) ) of GL (resp. GR ), characterized by a hyper-
bolic metric, corresponds to the neighbourhood DΣφgjL
(resp. DΣφgjR
) of the singular
locus.
Proof.
1) The limit set L(GL) (resp. L(GR) ) has a measure equal to zero and, thus, corre-
sponds, by the Sard lemma, to the singular locus Σ
φ
(n)
GjL
(resp. Σ
φ
(n)
GjR
).
Furthermore, L(GL) (resp. L(GR) ) is a nowhere dense set: so, we have that:
L(GL) = Σφ(n)GjL
(resp. L(GR) = Σφ(n)GjR
).
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2) It results from section 2.3.3 that the ordinary set Ω(GL) (resp. Ω(GR) ) of GL
(resp. GR ) is characterized by a hyperbolic metric and, thus, that Ω(GL) (resp.
Ω(GR ) corresponds to the neighbourhood DΣφgjL
(resp. DΣφgjR
) of the singular
locus according to proposition 2.3.1.
2.3.5 Corollary
The hyperbolic geometry, characterizing the neighbourhood DΣφgjL
(resp. DΣφgjR
) of the
singular locus, in such a way that:
Ω(GL) = DΣφgjL
(resp. Ω(GR) = DΣφgjR
),
results from the sequence of contracting surjective morphisms of singularization as devel-
oped, for example, in proposition 2.1.10.
2.3.6 The unfolded stratum fjδL (resp. fjδR )
Let φjδ(ωL) (resp. φjδ(ωR) ) denote a singular germ of corank “ m ” and codimension “ s ”
on a n-dimensional differentiable function φ
(n)
GjL
(xgjδ ) (resp. φ
(n)
GjR
(xgjδ ) ).
Let fjδL (resp. fjδR ) denote the versal unfolding of the singular germ φjδ(ωL) (resp.
φjδ(ωR) ).
The dimension of fjδL (resp. fjδR ) is in general equal to dfjδ = s , where m ≤ s ≤ n .
The unfolded function fjδL (resp. fjδR ) is embedded in the function φ
(n)
GjL
(xgjδ ) (resp.
φ
(n)
GjR
(xgjδ ) ) such that the complementary f
⊥
jδL
(resp. f⊥jδR
) of fjδL (resp. fjδR ) on φ
(n)
GjL
(xgjδ )
(resp. φ
(n)
GjR
(xgjδ ) ) has dimension df⊥jδ
= n− s where s ≤ n .
The neighbourhood of fjδL (resp. fjδR ) in φ
(n)
GjL
(xgjδ ) (resp. φ
(n)
GjR
(xgjδ ) ) affected by
the versal deformation is denoted D
f/φ
(n)
GjL
(resp. D
f/φ
(n)
GjL
).
Finally, let ΣφgjL
(resp. ΣφgjR
) denote the possible singular locus on the quotient
algebra of the unfolded function fjδL (resp. fjδR ) and let DΣφgjL
(resp. DΣφgjR
) be the
neighbourhood of this singular locus.
2.3.7 Proposition
The neighbourhood D
f/φ
(n)
GjL
(resp. D
f/φ
(n)
GjL
) of the unfolded function fjδL (resp. fjδR )
in φ
(n)
GjL
(xgjδ ) (resp. φ
(n)
GjR
(xgjδ ) ) is characterized by a spherical geometry except in the
neighbourhood DΣfjδL
(resp. DΣfjδL
) of the singular locus ΣφgjL
(resp. ΣφgjR
) where the
geometry is of hyperbolic type.
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Proof.
1) The left and right cases will not be distinguished as in proposition 2.3.1.
Let M be a point of coordinates (u1, · · · , un) on the differentiable function φ(n) in
such a way that M is not localized on the singular locus Σ and its neighbourhood DΣ
(see proposition 2.3.1 for the notations).
(−→e 1, · · · ,
−→e n) will denote the basis vectors of the proper referential centred on M .
As the stratum φ(n) r Σ r DΣ of φ
(n) , being not affected by the singular locus, is
Euclidean, the differentials of M and −→e i are given by:
dM = dui ei , d
−→e i = Γ
k
ij du
j −→e k .
The partial derivatives of the coordinates xi of a point P in the neighbourhood of M
will be:
Drx
i =
∂xi
∂ur
+ δir + x
k Γikr .
2) In consequence of the versal deformation of the singular locus Σ , the basis vectors
(−→e 1, · · · ,
−→e n) will be increased by a small amount:
δ −→ε j = κ gkj du
k
M(u1, · · · , un) , with κ ∈ R + .
In the dimensions of
(fjδ ∪Df/φ(n))r (Σ ∪DΣ)
(as assumed in this proposition),
we then have that:
d−→e j = Γ
k
ij du
i −→e k + κ gjk du
k
M(u1, · · · , un)
leading to:
Dr x
j =
∂xj
∂ur
+ δjr + x
k Γjkr + κ gjk δ
k
r .
Proceeding as in proposition 2.3.1 to calculate the integrability conditions of d−→e j ,
we find that the coefficients gjk correspond to a spherical metric of curvature +κ > 0 .
The spherical geometry on (fjδ ∪ Df/φ(n)) r (Σ ∪DΣ) is a consequence of the versal
deformation of Σ leading to an over compactness of these strata as resulting from
proposition 2.2.8.
3) In the neighbourhood DΣφgjL
of the singular locus ΣφgjL
, the geometry is hyperbolic,
as developed in proposition 2.3.1.
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3 Spreading-out isomorphism and strange attractors
3.1 The spreading-out isomorphism
The aim of this chapter is to introduce the blow-up of the versal deformation: it will be
called spreading-out (isomorphism) and it is the analogue of the desingularization, also
called a monoidal transformation. So, in the prolongation of the singularization and of
the versal deformation, the spreading-out isomorphism corresponds to the blow-up of a
contracting morphism.
3.1.1 Characteristics of the versal deformation
We refer to propositions 2.2.5 and 2.2.6 where the versal deformation of the semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) of differentiable functions φjδ(xgjδL
) (resp. φjδ(xgjδR
) ) endowed with singular
germs φjδ(ωL) (resp. φjδ(ωR) ) of corank 1 is given by the contracting fibre bundle:
DSL : θ
∗
G
(n)
L
× θSL −−−→ θ
∗
G
(n)
L
(resp. DSR : θ
∗
G
(n)
R
× θSR −−−→ θ
∗
G
(n)
R
),
in such a way that the fibre
θSL = {θ
1(ω1L), · · · , θ
1(ωiL), · · · , θ
1(ωsL)}
(resp. θSR = {θ
1(ω1R), · · · , θ
1(ωiR), · · · , θ
1(ωsR)} ),
given by the family of sheaves of the base SL (resp. SR ) of the versal deformation, is
projected onto the (n− 1)-dimensional coefficient sheaf:
θL(a) = {θ
n−1
L (a1), · · · , θ
n−1
L (ai), · · · , θ
n−1
L (as)}
(resp. θR(a) = {θ
n−1
R (a1), · · · , θ
n−1
R (ai), · · · , θ
n−1
R (as)} )
whose sections aijδ(xL) ∈ θ
n−1
L (ai) (resp. aijδ(xR) ∈ θ
n−1
R (ai) ), 1 ≤ jδ ≤ r , are ideals of
functions on φjδ(xgjδL
) (resp. φjδ(xgjδL
) ).
3.1.2 Lemma
The semisheaves θn−1L (ai) (resp. θ
n−1
R (ai) ), 1 ≤ i ≤ s , and θ
1
L(ω
i
L) (resp. θ
1
R(ω
i
R) ) are
characterized by the same set of ranks.
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Proof.
1) The section aijδ(xL) ⊂ φjδ(xgjδL
) being a subfunction of φjδ(xgjδL
) must be character-
ized by a rank
naijδ = (hjδ ·N)
n−1
where:
• the integer hjδ is a global residue degree verifying hjδ > jδ , with jδ being the
global residue degree of the conjugacy class g
(n)
L [jδ] (see section 1.6) on which
φjδ(xgjδL
) is defined.
Note that the rank r
g
(n)
L
of g
(n)
L [jδ] is rg(n)L
= (jδ N)
n , jδ ≡ j ∈ IN [Pie1].
• N is the rank of a real irreducible central completion (see section 1.1).
2) As θSL (resp. θSR ) is projected onto θL(a) (resp. θR(a) ) in such a way that the
semisheaf θ1(ωiL) (resp. θ
1(ωiR) ) be flat onto the semisheaf θ
n−1
L (ai) (resp. θ
n−1
R (ai) ),
the normal crossing divisor ωijδL
∈ θ1L(ω
i
L) (resp. ω
i
jδR
∈ θ1R(ω
i
R) ) must have a rank
nωijδ
proportional or equal to the rank naijδ of aijδ(xL) . If (n− 1) ≤ 2 , then we have
that nωijδ
= (hjδ N)
p , where p ≥ n− 1 .
Remark that we extend here the concept of rank of a (semi)module to the (semi)sheaf
defined on this (semi)module.
3) Finally, let nωi = {nωi1, · · · , nωijδ
, · · · , nωir} be the set of ranks of the base semisheaf
θ1(ωiL) (resp. θ
1(ωiR) ) and let nai = {nai1 , · · · , naijδ , · · · , nair} be the corresponding
set of ranks of the semisheaf θn−1L (ai) (resp. θ
n−1
R (ai) ) such that, if n − 1 ≤ 2 ,
nωijδ
≥ naijδ in the sense of 1) and 2).
3.1.3 Galois antiautomorphic (semi)group
a) Let Gal(F˜+L
/
F 0) = AutF 0 F˜
+
L (resp. Gal(F˜
+
R
/
F 0) = AutF 0 F˜
+
R ) be the Galois
automorphic group acting transitively on the set of ideals
F˜+v1 ⊂ · · · ⊂ F˜
+
vjδ
⊂ · · · ⊂ F˜+vr (resp. F˜
+
v1
⊂ · · · ⊂ F˜+vjδ
⊂ · · · ⊂ F˜+vr )
forming an increasing sequence characterized by the extension degrees:
[F˜+vjδ
: F 0] ≡ [F˜+vjδ
: F 0] = ∗+ j N (see section 1.1)
and, more particularly, by their global residue degrees forming the increasing se-
quence:
fv1δ ⊂ · · · ⊂ fvjδ ⊂ · · · ⊂ fvrδ (resp. fv1δ ⊂ · · · ⊂ fvjδ ⊂ · · · ⊂ fvrδ )
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where: fvjδ ≡ fvjδ = j , j ∈ N .
b) Inversely, we introduce the Galois antiautomorphic group Gal−1(F˜+L
/
F 0) = Aut−1F 0 F˜
+
L
(resp. Gal−1(F˜+R
/
F 0) = Aut−1F 0 F˜
+
R ) acting transitively on the set of ideals:
F˜+vsδ
⊃ · · · ⊃ F˜+vjδ
⊃ · · · ⊃ F˜+v1δ
(resp. F˜+vsδ
⊃ · · · ⊃ F˜+vjδ
⊃ · · · ⊃ F˜+v1δ
)
forming a decreasing sequence characterized by a decreasing chain of global residue
degrees:
fvsδ ⊃ · · · ⊃ fvjδ ⊃ · · · ⊃ fv1δ (resp. fvsδ ⊃ · · · ⊃ fvjδ ⊃ · · · ⊃ fv1δ )
with the condition that s ≤ r .
3.1.4 n-dimensional representations of products, right by left, of Galois groups
a) Referring to [Pie1], we introduce the explicit n-dimensional representation:
Rep
(n)
Gal
F˜R×L
: Gal(F˜+L
/
F 0)×Gal(F˜+L
/
F 0) −−−→ G(n)(F+v × F
+
v )
of the product, right by left, of the Galois automorphic groups in such a way that
the conjugacy class representatives of the bilinear algebraic semigroup G(n)(F+v ×F
+
v )
form the increasing sequence:
g
(n)
R×L[1] ⊂ · · · ⊂ g
(n)
R×L[jδ] ⊂ · · · ⊂ g
(n)
R×L[r]
characterized by the increasing sequence of their ranks
(1 N)2n ⊂ · · · ⊂ (j N)2n ⊂ · · · ⊂ (r N)2n , j < r (see section 1.6).
b) Similarly, we can introduce the (inverse) n-dimensional representation:
Rep
(n)
Gal−1
F˜R×L
: Gal−1(F˜+L
/
F 0)×Gal−1(F˜+L
/
F 0) −−−→ G−1(n)(F+v(s) × F
+
v(s))
of the product, right by left, of the Galois antiautomorphic groups in such a way that
the conjugacy class representatives of the inverse bilinear algebraic semigroup form
the decreasing sequence:
g
(n)
R×L[r] ⊃ · · · ⊃ g
(n)
R×L[jδ] ⊃ · · · ⊃ g
(n)
R×L[s+ 1]
characterized by the decreasing chain of the ranks
(r N)2n ⊃ · · · ⊃ (j N)2n ⊃ · · · ⊃ ((s+ 1) N)2n ,
with the condition that s ≤ r .
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3.1.5 Proposition
Let G(n)(F+v × F
+
v ) be the bilinear algebraic semigroup over the product, right by left, of
the sets of real completions F+v and F
+
v .
Then, the inverse bilinear algebraic semigroup G−1(n)(F+v(s) × F
+
v(s)) with entries in the
product, right by left, of the sets of real completions over the first s places, s ≤ r , generates
the following smooth endomorphism:
E
[
G(n)(F+v × F
+
v )
]
= G−1(n)(F+v(s) × F
+
v(s))⊕G
(n)
I (F
+
v(r−s) × F
+
v(r−s))
where G
(n)
I (F
+
v(r−s) × F
+
v(t−s)) is a bilinear algebraic semigroup complementary of
G(−1)(n)(F+v(s)×F
+
v(s)) in the sense that it is defined with entries in the (r− s) last places.
Proof. AsG−1(n)(F+v(s)×F
+
v(s)) is the n-dimensional representation of the product, right by
left, of Galois antiautomorphic groups according to sections 3.1.3 and 3.1.4, its conjugacy
classes form a decreasing sequence from the r-th biplace vr×vr until the (s+1)-th biplace
vs+1 × vs+1 in such a way that (r − s) conjugacy classes of G
(n)(F+v × F
+
v ) have been
disconnected and generate the complementary bilinear algebraic semigroup G
(n)
I (F
+
v(r−s) ×
F+v(r−s)) .
So, every smooth endomorphism E[G(n)(F+v × F
+
v )] of G
(n)(F+v × F
+
v ) is generated by
the inverse bilinear semigroup G(−1)n(F+v(s) × F
+
v(s)) in such a way that two non connected
bilinear algebraic semigroups G(−1)(n)(F+v(s)×F
+
v(s)) and G
(n)
I (F
+
v(r−s)×F
+
v(r−s)) are produced
from G(n)(F+v × F
+
v ) .
3.1.6 Corollary
Let θ
G
(n)
R×L
= θ
G
(n)
R
⊗ θ
G
(n)
R
be the bisemisheaf of rings on the bilinear algebraic semigroup
G(n)(F+v × F
+
v ) as introduced in section 1.7.
If θ
G
(n)
R×L
is noted θG(n)(F+v ×F
+
v )
, every smooth endomorphism of it is given by:
E[θG(n)(F+v ×F
+
v )
] = θG−1(n)(F+
v(s)
×F+
v(s)
) ⊕ θG(n)I (F
+
v(r−s)
×F+
v(r−s)
)
.
Proof. This is an adaptation of proposition 3.1.5 to the bisemisheaf θG(n)(F+v ×F
+
v )
on the
bilinear algebraic semigroup G(n)(F+v × F
+
v ) .
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3.1.7 Decomposition of G(n)(F+v × F
+
v ) in irreducible completions
As the bilinear algebraic semigroup G(n)(F+v ×F
+
v ) is constructed on products, right by left,
of irreducible completions of rank N and as its jδ-th, mjδ -th conjugacy class representative
g
(n)
R×L[jδ, mjδ ] counts jδ products, right by left, of irreducible completions of rank N , we
have, in fact, in G(n)(F+v × F
+
v ) :
rnrv×v =
r
⊕
jδ=1
(jδ m
(jδ))n
pairs of irreducible completions where m(jδ) = supmjδ is the multiplicity of the jδ-th
conjugacy class representative.
So, on G(n)(F+v × F
+
v ) , we have an increasing sequence:
G(n)(F+v1δ
× F+v1δ
)up ⊂ · · · ⊂ G
(n)(F+vjδ,mjδ
× F+vjδ,mjδ
)up
⊂ · · · ⊂ G(n)(F+
v
rδ
rδ,m
(rδ)
× F+
v
rδ
rδ,m
(rδ)
)up
of sets of conjugacy class representatives where: G(n)(F+vjδ,mjδ
× F+vjδ,mjδ
)up denotes a bi-
linear algebraic semigroup whose upper entry is the irreducible bicompletion (F+vjδ,mjδ
×
F+vjδ,mjδ
) .To simplify the notations, the increasing global residue degree of G(n)(F+v ×F
+
v ) ,
associated with its structure in products, right by left, of irreducible completions, will be
noted f running from 1 to rnrv×v .
3.1.8 The fibre θSL (resp. θSR ) of the versal deformation
These considerations can be transposed to the fibre
θSL = {θ
1(ω1L), · · · , θ
1(ωiL), · · · , θ
1(ωsL)}
(resp. θSR = {θ
1(ω1R), · · · , θ
1(ωiR), · · · , θ
1(ωsR)} )
of the versal deformation in the following way:
Let θ1(ωiL) (resp. θ
1(ωiR) ) be the i-th sheaf of the base SL (resp. SR ) of the versal
deformation.
This i-th (semi)sheaf θ1(ωiL) (and θ
1(ωiR) ) is characterized by the set of ranks nωi =
{nωi1δ
, · · · , nωijδ
, · · · , nωirδ
} according to lemma 3.1.2 where nωijδ
refers to the rank of the
normal crossings divisor ωijδ , which is the i-th generator of the versal unfolding of a singular
germ φjδ(ωL) (resp. φjδ(ωR) ) of corank 1 and codimension s on the jδ-th differentiable
function φjδ(xgjδL
) (resp. φjδ(xgjδR
) ) of the semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) (see section 3.1.1
and proposition 2.2.8).
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To this rank nωijδ
= (hjδ  N)
p (see lemma 3.1.2) corresponds the unramified rank
or global residue degree fωijδ
= (hjδ)
p = nωijδ
/
Np which is the number of irreducible
completions on the divisor ωijδ .
As in section 3.1.7, we shall label the set of irreducible completions in θ1(ωiL) (and
on θ1(ωiR) ) by a unique integer fi running over all the normal crossings divisor ω
i
jδ
,
1 ≤ jδ ≤ r , in such a way that the maximal value of fi will be given by:
fmaxi =
r
⊕
jδ=1
⊕
mjδ
(hjδ,mjδ )
p , fmaxi ∈ N .
So, we have fmaxi irreducible completions of rank N on the i-th base semisheaf θ
1(ωiL)
(resp. θ1(ωiR) ) of the versal deformation.
Remark that an integral irreducible closed subscheme of rank N is defined on an irre-
ducible completion of rank N , the concept of rank being extended here from the topological
(sub)space to the (sub)scheme on which it is defined.
As a smooth endomorphism was introduced on the bilinear algebraic semigroup
G(n)(F+v × F
+
v ) in proposition 3.1.5 and on the bisemisheaf θG(n)R×L
on it in corollary 3.1.6,
a smooth endomorphism can be defined on the i-th base semisheaf θ1(ωiL) (resp. θ
1(ωiR) )
as follows:
3.1.9 Proposition
Let θ1(ωiL) (resp. θ
1(ωiR) ) be the i-th base semisheaf of the versal deformation of the
semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
).
Let fmaxi be the maximal value of its global residue degree counting the irreducible closed
subschemes of rank N .
Then, the following smooth endomorphism
Eωi
L
[θ1(ωiL)fmaxi ] = θ
∗1(ωiL)f∗i ⊕ θ
1
I (ω
i
L)fIi , with f
I
i = f
max
i − f
∗
i ∈ N ,
can be introduced on the semisheaf θ1(ωiL)fmaxi in such a way that it decomposes into two non
connected complementary semisheaves θ∗1(ωiL)f∗i and θ
1(ωiL)fIi whose global residue degrees
verify:
fmaxi = f
∗
i + f
I
i .
Proof. The semisheaf θ∗1(ωiL)f∗i is a “reduced” semisheaf generated from the semisheaf
θ1(ωiL)fmaxi under the action of the Galois antiautomorphic group according to the endo-
morphism:
Eωi
L
: θ1(ωiL)fmaxi −−−→ θ
∗1(ωiL)f∗i ⊕ θ
1
I (ω
i
L)fIi
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where:
• θiI(ω
i
L)fIi is the semisheaf complementary of θ
∗1(ωiL)f∗i in the sense of proposition 3.1.5
and corollary 3.1.6.
• θ∗1(ωiL)f∗i is characterized by decreasing global residue degrees f
∗
i while θ
1
I (ω
i
L)fIi is
characterized by increasing global residue degrees f Ii in such a way that
fmaxi = f
∗
i + f
I
i , 0 ≤ f
∗
i ≤ f
max
i , 0 ≤ f
I
i ≤ f
max
i .
3.1.10 Proposition
Every base semisheaf θ1(ωiL) (resp. θ
1(ωiR) ) of the versal deformation of the semisheaf
θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
), 1 ≤ i ≤ s , can generate under the smooth endomorphism EωiL (resp.
EωiR ) the elements of the category c(θ
1
ωiL
) (resp. c(θ1
ωiR
) ) of the (fi−1) pairs of semisheaves
of rings:
c(θ1ωi
L
) = {(θ∗1(ωiL)fmaxi −1 ⊕ θ
1
I (ω
i
L)1), · · · , (θ
∗1(ωiL)f∗i ⊕ θ
1
I (ω
i
L)fIi ),
· · · , (θ∗1(ωiL)1 ⊕ θ
1
I (ω
i
L)fmaxi −1)} , 1 ≤ f
∗
i ≤ f
max
i ,
whose objects are two non connected semisheaves characterized by complementary global
residue degrees verifying:
fmaxi = f
∗
i + f
I
i .
Proof. This is a generalization of proposition 3.1.9 where (fmaxi −1) endomorphisms EωiL
are considered.
3.1.11 Corollary
Let f ∗i denote the global residue degree of the reduced semisheaf θ
∗1(ωiL)f∗i , 0 ≤ f
∗
i ≤ f
∗max
i .
Then, the smooth endomorphism EωiL is maximal when f
∗
i = 0 .
Proof. If f ∗i = 0 , then the semisheaf θ
1(ωiL)fmaxi has been completely transformed under
Eωi
L
into the complementary base semisheaf θ1I (ω
i
L)fmaxi : this is equivalent to say that the
base semisheaf θ1(ωiL)fmaxi has been totally disconnected from the semisheaf θ
∗
G
(n)
L
.
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3.1.12 Proposition
Let θvers
G
(n)
L
= θ∗
G
(n)
L
×θSL (resp. θ
vers
G
(n)
R
= θ∗
G
(n)
R
×θSR ) be the versal deformation of the singular
semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
), as introduced in proposition 2.2.6, where
θSL = {θ
1(ω1L), · · · , θ
1(ωiR), · · · , θ
1(ωsL)}
(resp. θSR = {θ
1(ω1R), · · · , θ
1(ωiR), · · · , θ
1(ωsR)} ),
fibre of the contracting fibre bundle DSL (resp. DSR ), is the family of the semisheaves of
the base SL (resp. SR ) of the versal deformation.
Then, there exists a family of isomorphisms
ΠsL(f
I
1 , · · · , f
I
i , · · · , f
I
s ) :
θ∗
G
(n)
L
× θSL −−−→ θ
∗
G
(n)
L
× θ′SL ∪ {θ
1
I (ω
1
L)fI1 , · · · , θ
1
I (ω
i
L)fIi , · · · , θ
1
I (ω
s
L)fIs }
(resp. ΠsR(f
I
1 , · · · , f
I
i , · · · , f
I
s ) :
θ∗
G
(n)
R
× θSR −−−→ θ
∗
G
(n)
R
× θ′SR ∪ {θ
1
I (ω
1
R)fI1 , · · · , θ
1
I (ω
i
R)fIi , · · · , θ
1
I (ω
s
R)fIs } )
disconnecting f I1 irreducible subsheaves of rank N from the base semisheaf θ
1(ω1L)fmaxi on
θ∗
G
(n)
L
, . . . , f Ii irreducible subsheaves of rank N from the base semisheaf θ
1(ωiL)fmaxi on
θ∗
G
(n)
L
, . . . , and so on, 1 ≤ i ≤ s .
The set of complementary global residue degrees (f I1 , · · · , f
I
i , · · · , f
I
s ) varies in such a
way that 1 ≤ f I1 ≤ f
max
1 , · · · , 1 ≤ f
I
i ≤ f
max
i , · · · , 1 ≤ f
I
s ≤ f
max
s implying, for each set
(f I1 , · · · , f
I
i , · · · , f
I
s ) a family of isomorphisms Πs(f
I
1 , · · · , f
I
i , · · · , f
I
s ) .
The residue fibre θ′SL (resp. θ
′
SR
) is given by:
θ′SL = θSL \ {θ
1
I (ω
1
L)fI1 , · · · , θ
1
I (ω
i
L)fIi , · · · , θ
1
I (ω
s
L)fIs }
(resp. θ′SR = θSR \ {θ
1
I (ω
1
R)fI1 , · · · , θ
1
I (ω
i
R)fIi , · · · , θ
1
I (ω
s
R)fIs } ).
Proof. This proposition is a generalization of proposition 3.1.10 in such a way that the
smooth endomorphism EωiL (resp. EωiR ) , generating (f
max
i − 1) pairs of semisheaves of
the category c(θ1
ωiL
) (resp. c(θ1
ωiR
) ), is extended to all the base semisheaves θ1(ωiL) (resp.
θ1
ωiR
), 1 ≤ i ≤ s , of the considered versal deformation.
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3.1.13 Corollary
The family of isomorphisms ΠsL(f
I
1 , · · · , f
I
i , · · · , f
I
s ) (resp. ΠsR(f
I
1 , · · · , f
I
i , · · · , f
I
s ) ) is
maximal in the i-th semisheaf θ1(ωiL) (resp. θ
1(ωiR) ), and, then, noted Π
max(i)
sL (f
I
1 , · · · , f
I
i ,
· · · , f Is ) (resp. Π
max(i)
sR (f
I
1 , · · · , f
I
i , · · · , f
I
s ) ), if f
∗
i = 0 .
Proof. If f ∗i = 0 , then the base semisheaf θ
1(ωiL) has been completely transformed,
under EωiL , into the disconnected complementary semisheaf θ
1
I (ω
i
L)fIi in such a way that
f Ii = f
max
i .
3.1.14 Corollary
The family isomorphisms ΠmaxsL (f
I
1 , · · · , f
I
i , · · · , f
I
s ) (resp. Π
max
sR
(f I1 , · · · , f
I
i , · · · , f
I
s ) ) is
maximal if it is maximal in every semisheaf θ1(ωiL) (resp. θ
1(ωiR) ), 1 ≤ i ≤ s , of the
base of the versal deformation.
Proof. This is a generalization of corollary 3.1.3 to all the base semisheaves θ1(ωiL) (resp.
θ1(ωiR) ) of the versal deformation, implying that:
1) • f ∗1 = 0 and f
I
1 = f
max
1
...
• f ∗i = 0 and f
I
i = f
max
i
...
• f ∗s = 0 and f
I
s = f
max
s
2) ΠmaxsL (f
I
1 , · · · , f
I
i , · · · , f
I
s ) :
θ∗
G
(n)
L
× θSL → θ
∗
G
(n)
L
∪ {θ1I (ω
1
L)fmax1 , · · · , θ
1
I (ω
i
L)fmaxi , · · · , θ
1
I (ω
s
L)fmaxs }
(resp. ΠmaxsR (f
I
1 , · · · , f
I
i , · · · , f
I
s ) :
θ∗
G
(n)
R
× θSR → θ
∗
G
(n)
R
∪ {θ1I (ω
1
R)fmax1 , · · · , θ
1
I (ω
i
R)fmaxi , · · · , θ
1
I (ω
s
R)fmaxs } ).
3.1.15 Category of vertical tangent bundles
Let TVWL = {TVW1
L
, · · · , TV
Wi
L
, · · · , TVWs
L
} (resp. TVWR = {TVW1
R
, · · · , TV
Wi
R
, · · · , TVWs
R
} ) de-
note the family of tangent vector bundles obtained by the projection of all the disconnected
base semisheaves θ1I (ω
i
L) (resp. θ
1
I (ω
i
R) ), 1 ≤ i ≤ s , in the vertical tangent spaces TVWi
L
(resp. TV
Wi
R
) characterized by normal vector fields
−→
W iL (resp.
−→
W iR ) .
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The proper projective map of the tangent bundle TV
Wi
L
(resp. TV
Wi
R
) is given by:
τV
Wi
L
: TV
Wi
L
(θ1I (ω
i
L)fIi ) −−−→ θ
1
I (ω
i
L)fIi
(resp. τV
Wi
R
: TV
Wi
R
(θ1I (ω
i
R)fIi ) −−−→ θ
1
I (ω
i
R)fIi )
so that τVWL = {τVWi
L
}si=1 (resp. τVWR = {τVWi
R
}si=1 ).
To the category c(θ1I (ω
i
L)) (resp. c(θ
1
I (ω
i
R)) ) of disconnected base semisheaves θ
1
I (ω
i
L)
(resp. θ1I (ω
i
R) ), 1 ≤ i ≤ s , will then correspond the category c(TVWi
L
(θ1I (ω
i
L)) (resp.
c(TV
Wi
R
(θ1I (ω
i
R))) ) of sections of tangent vector bundles.
3.1.16 Proposition
The extension of the quotient algebra θ[ωL] (resp. θ([ωR] ) of the versal deformation of the
singular semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
), having an isolated degenerate singularity of corank
1 and codimension s in each section of θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
), is realized by the spreading-out
isomorphism
SOTL = (τVWL ◦ ΠsL) (resp. SOTR = (τVWR ◦ ΠsR) ).
Proof. Let IωiL (resp. IωiR ) be the kernel of the normal vector bundle TVWi
L
(resp. TV
Wi
R
).
Then, the exact sequence:
0 −−−→ IωiL −−−→ TVWi
L
(θ1I (ω
i
L)fIi )
τV
Wi
L−−−→ θ1I (ω
i
L)fIi −−−→ 0
(resp. 0 −−−→ IωiR −−−→ TVWi
R
(θ1I (ω
i
R)fIi )
τV
Wi
R−−−→ θ1I (ω
i
R)fIi −−−→ 0 )
represents an extension of θ1I (ω
i
L)fIi (resp. θ
1
I (ω
i
r)fIi ) by the kernel IωiL (resp. IωiR ).
And, the isomorphism SOTL = (τVWL ◦ΠsL) (resp. SOTR = (τVWR ◦ΠsR) ) constitutes
an extension of the quotient algebra θ[ωL] (resp. θ[ωR] ) of the versal deformation of θ
∗
G
(n)
L
(resp. θ∗
G
(n)
R
) (see definition 2.2.7) since the base semisheaf θSL (resp. θSR ) has been
partially or completely extracted from θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
): this also corresponds to an
extension of the desingularization process as it will be described in the next chapter.
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3.1.17 Corollary
The extension of the quotient algebra of the versal deformation of the singular semisheaf
θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) is maximal if the spreading-out isomorphism is given by:
SOTmaxL = (τVWL ◦ Π
max
sL
) (resp. SOTmaxR = (τVWR ◦ Π
max
sR
) ).
Proof. Indeed, in this case, the base semisheaf θSL (resp. θSR ) has been completely
pulled out from the quotient algebra θ[ωL] (resp. θ[ωR] ) in the sense of corollary 3.1.14
and projected in the vertical tangent space TVWL (resp. TVWR ) according to the map τVWL
(resp. τVWR ).
3.1.18 Proposition
The spreading-out isomorphism SOTL (resp. SOTR ) is locally stable if the generated dis-
connected semisheaves TV
Wi
L
(θ1I (ω
i
L)fIi ) (resp. TVWi
R
(θ1I (ω
i
R)fIi ) ) are locally free semisheaves.
Proof. That is to say that the semisheaves TV
Wi
L
(θ1I (ω
i
L)fIi ) (resp. TVWi
R
(θ1I (ω
i
R)fIi ) ) are
free of singularities.
3.1.19 Proposition
The maximal number of complementary disconnected semisheaves TV
Wi
L
(θ1I (ω
i
L)fIi ) (resp.
TV
Wi
R
(θ1I (ω
i
R)fIi ) ) is equal to s .
Proof. Indeed, the integer “ s ” is the codimension of the versal deformation of the
semisheaves θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
).
3.1.20 Gluing-up disconnected base semisheaves
Let θ1i (Dω
i
L) (resp. θ
1
i (Dω
i
R) ) and θ
1
j (Dω
j
L) (resp. θ
1
j (Dω
j
R) ) denote the i-th and j-th com-
plementary semisheaves TV
Wi
L
(θ1I (ω
i
L)fIi ) (resp. TVWi
R
(θ1I (ω
i
R)fIi ) ) and TVWj
L
(θ1I (ω
j
L)fIj ) (resp.
TV
W
j
R
(θ1I (ω
j
R)fIj ) ) extracted from the base semisheaf θSL (resp. θSR ). These semisheaves
can be glued together in a compact way according to:
For each pair (i, j) , let Πij be an isomorphism from θ
1
j (D(ω
i
L)∩D(ω
j
L)) to θ
1
i (D(ω
i
L)∩
D(ωjL)) where D(ω
i
L) and D(ω
j
L) denote the domains on which these semisheaves θ
1
i (Dω
i
L)
and θ1j (Dω
i
L) are respectively defined.
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Then, there exists a semisheaf θ1(D(ωi−jL )) , defined on the connected domainD(ω
i−j
L ) =
D(ωiL)∪D(ω
j
L) , and an isomorphism ni from θ
1(DωiL) to θ
1
i (Dω
i
L) such that Πij = ni ◦n
−1
j
in each point of D(ωiL) ∩ D(ω
j
L) , ∀ i, j , 1 ≤ i, j ≤ s : this is an adapted version of a
proposition of J.P. Serre [Ser1].
So, θ1(D(ωi−jL )) is the semisheaf corresponding to the gluing-up of the semisheaves
θ1i (Dω
i
L)and θ
1
j (Dω
j
L) .
Note that the right case “ R ” can be handled similarly and parallely.
3.1.21 Sequence of spreading-out isomorphims
Let θSOT (1)L (resp. θSOT (1)R ) denote the family of disconnected base semisheaves
{θ1i (Dω
i
L)}
s
i=1 (resp. {θ
1
i (Dω
i
R)}
s
i=1 ) of the extension of the quotient algebra of the versal
deformation SOT (1)L (resp. SOT (1)R ). This family of semisheaves, having been glued to-
gether according to section 3.1.20, covers partially the product θ∗
G
(n)
L
×θ′SL (resp. θ
∗
G
(n)
R
×θ′SR )
of the singular semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) by the residue fibre θ′SL (resp. θ
′
SR
) of the ver-
sal deformation having not been disconnected from θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) by the isomorphisms
ΠSL(f
I
1 , · · · , f
I
i , · · · , f
I
s ) ∈ SOT (1)L (resp. ΠSR(f
I
1 , · · · , f
I
i , · · · , f
I
s ) ∈ SOT (1)R ).
If the spreading-out isomorphism SOT (1)L (resp. SOT (1)R ) is not locally stable, as
noted in proposition 3.1.18, then singular germs ωijδL
(resp. ωijδR
), 1 ≤ i ≤ s , 1 ≤ jδ ≤ r ,
on the sections of the base semisheaves θSOT (1)L (resp. θSOT (1)R ) can be degenerated.
Consequently, a versal deformation of θSOT (1)L (resp. θSOT (1)R ) can be envisaged fol-
lowed by a spreading-out isomorphism SOT (2)L (resp. SOT (2)R ). The resulting family
of disconnected base semisheaves of the extension of the quotient algebra of the versal
deformation SOT (2)L (resp. SOT (2)R ) will be noted θSOT (2)L (resp. θSOT (2)R ).
So, a set of “ h ” versal deformations followed by “ h ” spreading-out isomorphisms can
be envisaged until the disconnected base semisheaves θSOT (h)L (resp. θSOT (h)R ) are free or
locally stable, h ≤ (s− 1) , h ∈ N .
3.1.22 Remark
The spreading-out isomorphism was envisaged for singular semisheaves θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
)
having isolated singularities of corank 1 . If it is referred to section 2.2.3 where the versal
deformation of germs of corank 2 is considered, it is not difficult to develop the spreading-
out isomorphism for unfolded germs of corank 2 (and corank 3) similarly as it was done
for germs of corank 1 .
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3.2 Inner dynamics and strange attractors
This section envisages the spreading-out isomorphism from a differentiable dynamical point
of view in such a way that strange attractors, related to the versal deformation of singular
germs, blow up under the spreading-out isomorphism into new disconnected attractors.
3.2.1 Left and right diffeomorphisms of G(n)(F+v × F
+
v
)
The generation of the bilinear algebraic semigroup G(n)(F+v × F
+
v ) can also be studied
from a diffeomorphic point of view leading to an inner bidynamics. In this respect, the
differentiable biaction of the product, right by left, F+v × F
+
v of the sets of completions of
the bilinear algebraic semigroup G(n)(F+v × F
+
v ) is considered. This biaction is a homo-
morphism:
F+v × F
+
v −−−→ Diff(G
(n)(F+v × F
+
v ))
in such a way that
(F+v × F
+
v )×G
(n)(F+v × F
+
v ) −−−→ G
(n)(F+v × F
+
v )
is differentiable.
Diff(G(n)(F+v ×F
+
v )) denotes the group of all diffeomorphisms of G
(n)(F+v ×F
+
v ) splitting
into:
Diff(G(n)(F+v × F
+
v )) = DiffR(G
(n)
R (F
+
v )×DiffL(G
(n)
L (F
+
v )
where DiffL(G
(n)(F+v )) (resp. DiffR(G
(n)(F+v )) ) denotes the semigroup of left (resp. right)
diffeomorphisms.
If these diffeomorphisms are studied from the point of view of orbit structure, then a
left (resp. right) generator fL ∈ DiffL(G
(n)
L (F
+
v ) (resp. fR ∈ DiffR(G
(n)
R (F
+
v ) ) must be
taken into account as acting on an irreducible completion F+
v11δ
(resp. F+
v11δ
) of rank N
in such a way that the orbits of F+
v11δ
(resp. F+
v11δ
) relative to fL (resp. fR ) are the left
(resp. right) subsets {f jδL (F
+
v11δ
)}rjδ=1 (resp. {f
jδ
R (F
+
v11δ
)}rjδ=1 ) of the jδ conjugacy classes of
G
(n)
L (F
+
v ) (resp. G
(n)
R (F
+
v ) ).
3.2.2 Proposition
A set of (jδ)
n left (resp. right) orbits f jδL (F
+
v11δ
) (resp. f jδR (F
+
v11δ
) ) of F+
v11
(resp. F+
v11
) relative
to fL (resp. fR ) constitutes the structure of the (jδ, mjδ)-th conjugacy class representative
g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ) of G
(n)
L (F
+
v ) (resp. G
(n)
R (F
+
v ) ).
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Each orbit f jδL (F
+
v11δ
) (resp. f jδR (F
+
v11δ
) ) is composed of jδ irreducible completions F
+
v
j′
δ
jδ
(resp. F+
v
j′
δ
jδ
), 1 ≤ j′δ ≤ jδ , of rank N and is associated with a Frobenius substitution:
fL(F
+
v11δ
) −−−→ f
jδ
L (F
+
v11δ
) (resp. fR(F
+
v11δ
) −−−→ f
jδ
R (F
+
v11δ
) ).
Proof.
a) As the left (resp. right) orbit f jδL (F
+
v1jδ
) (resp. f jδR (F
+
v1jδ
) ) is the image of the map:
f jδL : F
+
v1jδ
−−−→ g
(n)
L [jδ, mjδ ] (resp. f
jδ
R : F
+
v1jδ
−−−→ g
(n)
R [jδ, mjδ ] ),
it must correspond to a divisor at jδ irreducible completions F
+
v
j′
δ
jδ
(resp. F+
v
j′
δ
jδ
), 1 ≤
j′δ ≤ jδ , of rank N according to [Pie1].
As a result, the Frobenius substitution:
fL −−−→ f
jδ
L (resp. fR −−−→ f
jδ
R )
on the generator fL ∈ DiffL(G
(n)
L (F
+
v ) (resp. fR ∈ DiffR(G
(n)
R (F
+
v ) ) follows, express-
ing that we are dealing with one-dimensional components of representatives of the
jδ-th conjugacy class of G
(n)
L (F
+
v ) (resp. G
(n)
R (F
+
v ) ).
b) As the rank of the conjugacy class representative g
(n)
L [jδ, mjδ ] is r
(n)
vjδ
= (jδ  N)
n and
its global residue is f
(n)
vjδ
= jnδ , the number of left (resp. right) orbits f
jδ
L (F
+
v1jδ
) (resp.
f jδR (F
+
v1jδ
) ) of g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ) must be equal to
nO
f
jδ
L
≡ nO
f
jδ
R
= (jδ)
n .
3.2.3 Proposition
Let Out(G(n)(F+v × F
+
v )) denote the group of outer automorphisms of G
(n)(F+v × F
+
v ) . If
the bilinear algebraic semigroup G(n)(F+v × F
+
v ) is assumed to be (C
r)-differentiable, then
the isomorphism:
IOut→Diff : Out(G
(n)(F+v × F
+
v )) −−−→ Diff(G
(n)(F+v × F
+
v )
follows.
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Proof. According to [Pie1], the group of outer automorphisms Out(G(n)(F+v × F
+
v )) of
G(n)(F+v × F
+
v ) is given by:
Out(G(n)(F+v × F
+
v ) = Aut(G
(n)(F+v × F
+
v )
/
Int(G(n)(F+v × F
+
v )
with Int(G(n)(F+v × F
+
v ) = Aut(P
(n)(F+
v1
× F+v1) where Aut(P
(n)(F+
v1
× F+v1) is the group of
automorphisms of the bilinear parabolic semigroup P (n)(F+
v1
× F+v1) .
As a result, G(n)(F+v × F
+
v ) acts on P
(n)(F+
v1
× F+v1) by conjugation generating by this
way the conjugacy class representatives g
(n)
R×L[jδ, mjδ ] of G
(n)(F+v × F
+
v ) .
And, these conjugacy class representatives g
(n)
R×L[jδ, mjδ ] can be decomposed into normal
crossing completions resulting from their compactification as developed in [Pie1].
So, we have that:
g
(n)
R×L[jδ, mjδ ] ≃ Π
n
(F+vjδ ,mjδ
× F+vjδ ,mjδ
)
implying that g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ) can be partitioned into (jδ)
n completions
from an algebraic point of view. Indeed, it has been seen in [Pie1] that
Out(g
(n)
R×L[jδ, mjδ ]) ≃ Π
n
(Gal(F˜+vjδ ,mjδ
/
F 0)×Gal(F˜+vjδ ,mjδ
/
F 0))
where Out(g
(n)
R×L[jδ, mjδ ]) ⊂ Out(G
(n)(F+v × F
+
v )) .
Thus, a one-to-one correspondence can be established between the elements of
Out(G(n)(F+v × F
+
v )) and the elements of Diff(G
(n)(F+v × F
+
v )) leading to the generation
of the conjugacy class representatives g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ) which decompose
into completions from an algebraic point of view or into orbits from a differentiable point
of view in such a way that they correspond bijectively.
3.2.4 Inner bidynamics
1) By a one parameter semigroup of left (resp. right) diffeomorphisms DiffL(G
(n)
L (F
+
v ))
(resp. DiffR(G
(n)
L (F
+
v )) ) of the algebraic semigroup G
(n)
L (F
+
v ) (resp. G
(n)
L (F
+
v ) ), we
mean a continuous map:
f jδL : F
+
v1jδ
× g
(n)
L [jδ, mjδ ] −−−→ g
(n)
L [jδ, mjδ ]
(resp. f jδR : g
(n)
R [jδ, mjδ ]× F
+
v1jδ
−−−→ g
(n)
R [jδ, mjδ ] )
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for every conjugacy class representative of G
(n)
L (F
+
v ) (resp. G
(n)
R (F
+
v ) ) such that, for
all kδ, ℓδ ∈ IN verifying jδ = kδ + ℓδ , we have that:
f jδL;kδ+ℓδ(xjδ(1)
L
) = f jδL;kδ  f
jδ
L;ℓδ
(xj
δ
(1)
L
) , xj
δ
(1)
L
∈ F+
v1jδ
(resp. f jδR;kδ+ℓδ(xjδ(1)
R
) = f jδR;kδ  f
jδ
R;ℓδ
(xj
δ
(1)
R
) , xj
δ
(1)
L
∈ F+
v1jδ
),
where kδ and ℓδ refer to the numbers of irreducible completions in f
jδ
L (resp. f
jδ
R ) .
2) The tangent (semi)space to the one-parameter semigroup of left (resp. right) diffeo-
morphisms of G
(n)
L (F
+
v ) (resp. G
(n)
R (F
+
v ) ) is the space of sections Γ(T (G
(n)
L (F
+
v )))
(resp. Γ(T (G
(n)
R (F
+
v ))) ) of the tangent bundle T (G
(n)
L (F
+
v )) (resp. T (G
(n)
R (F
+
v )) )
whose fibres in each point xjδL ∈ g
(n)
L [jδ, mjδ ] (resp. xjδR ∈ g
(n)
R [jδ, mjδ ] ) are given
by the tangent vectors −→n L(xjδL ) (resp.
−→n R(xjδR ) ) defined by:
−→n L(xjδL ) =
d
dt
(
f jδL;t(xj
δ
(1)
L
)
)
t=0
(
resp. −→n R(xjδR ) =
d
dt
(
f jδR;t(xj
δ
(1)
R
)
)
t=0
)
.
This allows to generate a left (resp. right) internal dynamics of the algebraic semi-
group G
(n)
L (F
+
v ) (resp. G
(n)
R (F
+
v ) ) taking into account that the tangent bundle
T (G
(n)
L (F
+
v )) (resp. T (G
(n)
R (F
+
v )) ) has to be horizontal in order that the tangent
vectors −→n L(xjδL ) (resp.
−→n R(xjδR ) ) be rotational velocity vectors.
3) An internal bidynamics of the bilinear algebraic semigroup G(n)(F+v × F
+
v ) can be
reached by considering the horizontal tangent bibundle
T (G(n)(F+v × F
+
v )) = T (G
(n)
R (F
+
v ))× T (G
(n)
L (F
+
v ))
whose (bi)fibres in each bipoint xjδR × xjδL ∈ g
(n)
R×L[jδ, mjδ ] are the tangent bivectors
−→n R(xjδR )×
−→n L(xjδL ) .
3.2.5 Translated orbits in the neighbourhood of singular germs
We are now interested by the dynamics around singularities on the sections φTANGjδL
(resp.
φTANGjδR
) of the space of sections Γ(T (G
(n)
L (F
+
v ))) (resp. Γ(T (G
(n)
R (F
+
v ))) ) of the tangent bun-
dle T (G
(n)
L (F
+
v )) (resp. T (G
(n)
R (F
+
v )) ) on the conjugacy class representatives g
(n)
L [jδ, mjδ ]
(resp. g
(n)
R [jδ, mjδ ] ).
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Let then φjδ(ωL) (resp. φjδ(ωR) ) denote a singular germ of corank 1 and codimension
s on the n-dimensional real-valued differentiable function φTANGjδL
(xTANgjδ
) ∈ Γ(T (G
(n)
L (F
+
v )))
(resp. φTANGjδR
(xTANgjδ
) ∈ T (G
(n)
R (F
+
v )) ) on g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ).
As g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ) can be decomposed into a set of left (resp. right) or-
bits f jδL (F
+
v11δ
) (resp. f jδR (F
+
v11δ
) ) relative to fL ∈ Diff(G
(n)
L (F
+
v )) (resp. fR ∈ Diff(G
(n)
R (F
+
v )) ),
the differentiable function φTANGjδL
(resp. φTANGjδR
) can also be decomposed into one-dimensional
subfunctions f jδL;TAN (resp. f
jδ
R;TAN ) corresponding to orbits translated from f
jδ
L (F
+
v11δ
) (resp.
f jδR (F
+
v11δ
) ) under the tangent bundle T (G
(n)
L (F
+
v )) (resp. T (G
(n)
R (F
+
v )) ):
T (G
(n)
L (F
+
v )) : f
jδ
L;TAN −−−→ f
jδ
L , (resp. T (G
(n)
R (F
+
v )) : f
jδ
R;TAN −−−→ f
jδ
R ).
As we are concerned with a singular germ φjδ(ωL) (resp. φjδ(ωR) ) on the differentiable
function φTANGjδL
(xTANgjδ
) (resp. φTANGjδR
(xTANgjδ
) ) which is perturbed in the neighbourhood DφTANGjδL
(resp. DφTANGjδR
) of φjδ(ωL) (resp. φjδ(ωR) ), it shall be assumed that the “translated”
orbits on DφTANGjδL
(resp. DφTANGjδR
) are perturbed one-dimensional subfunctions f
ajδ
L;TAN (resp.
f
ajδ
R;TAN ) of f
jδ
L;TAN (resp. f
jδ
R;TAN ) characterized by a rank rf
ajδ
L;TAN
= r
f
ajδ
R;TAN
= a N where
the global residue degree a is inferior or equal to jδ : a ≤ jδ .
Before going closely into the study of the neighbourhoods of singular germs from a dif-
feomorphic point of view, the tangent space decomposition into contracting and expanding
components will be recalled.
3.2.6 Splitting of the tangent space into stable, unstable and neutral subsets
Let fL;TAN ∈ DiffL(T (G
(n)
L (F
+
v ))) (resp. fR;TAN ∈ DiffR(T (G
(n)
R (F
+
v ))) ) denote the left
(resp. right) generator of the diffeomorphisms of the space of sections of the tangent
bundle T (G
(n)
L (F
+
v )) (resp. T (G
(n)
R (F
+
v )) ).
• A point xTAN;NωgjδL
∈ φTANGjδL
(resp. xTAN;NωgjδR
∈ φTANGjδR
) is non-wandering if, for every
neighbourhood UφTANjδL
(resp. UφTANjδR
) of xTAN;NωgjδL
(resp. xTAN;NωgjδR
), one has:
f jδL;TAN(UφTANjδL
) ∩ UφTANjδL
6= ∅
(resp. f jδR;TAN(UφTANjδR
) ∩ UφTANjδR
6= ∅ ).
The set of non wandering points forms a closed invariant set noted ΩφTANjδL
(resp.
ΩφTANjδR
). The other points of φTANGjδL
(resp. φTANGjδR
) are called wandering points and
form invariant open subsets [Sma].
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• A linear automorphism uL (resp. uR ) of the tangent space Γ(T (G
(n)
L (F
+
v ))) (resp.
Γ(T (G
(n)
R (F
+
v ))) ) will be said to be flat, contracting or expanding if, under
uL : Γ(T (G
(n)
L (F
+
v ))) −−−→ Γ(T (G
(n)
L (F
+
v )))
(resp. uR : Γ(T (G
(n)
R (F
+
v ))) −−−→ Γ(T (G
(n)
R (F
+
v ))) ),
the eigenvalues of
|uL(f
jδ
L;TAN(x
TAN
j
δ
(1)
L
))| = λjδ |f jδL;TAN(x
TAN
j
δ
(1)
L
)| , ∀ 1 ≤ jδ ≤ r ,
(resp. |uR(f
jδ
R;TAN(x
TAN
j
δ
(1)
R
))| = λjδ |f jδR;TAN(x
TAN
j
δ
(1)
R
)| , ∀ 1 ≤ jδ ≤ r , )
satisfy respectively |λjδ | = 1 , |λjδ | < 1 or |λjδ | > 1 .
So, the tangent space Γ(T (G
(n)
L (F
+
v ))) (resp. Γ(T (G
(n)
R (F
+
v ))) ) exhibits a splitting
into:
– stable subsets Es(f jδL;TAN(x
TAN
j
δ
(1)
L
)) (resp. Es(f jδR;TAN(x
TAN
j
δ
(1)
R
)) ) for which uL (resp.
uR ) is contracting.
– unstable subsets Eu(f jδL;TAN(x
TAN
j
δ
(1)
L
)) (resp. Eu(f jδR;TAN(x
TAN
j
δ
(1)
R
)) ) for which uL (resp.
uR ) is expanding.
– neutral subsets En(f jδL;TAN(x
TAN
j
δ
(1)
L
)) (resp. En(f jδR;TAN(x
TAN
j
δ
(1)
R
)) ) for which uL (resp.
uR ) is flat.
Classically, a subset being stable and unstable, i.e. exhibiting respectively a volume
contraction and a volume expansion under a linear automorphism of the tangent
space, is said to be “hyperbolic”. This terminology will not be adopted here as it will
appear in the following.
3.2.7 Proposition
Let Γ(T (G
(n)
L (F
+
v ))) (resp. Γ(T (G
(n)
R (F
+
v ))) ) denote the space of sections of the tangent
bundle to the algebraic semigroup G
(n)
L (F
+
v ) (resp. G
(n)
R (F
+
v ) ). Then we have that:
1) its stable subsets Es(f jδL;TAN(x
TAN
j
δ
(1)
L
)) (resp. Es(f jδR;TAN)(x
TAN
j
δ
(1)
R
) ) are characterized by a
hyperbolic geometry.
2) its unstable subsets Eu(f jδL;TAN(x
TAN
j
δ
(1)
L
)) (resp. Eu(f jδR;TAN)(x
TAN
j
δ
(1)
R
) ) are characterized by
a spherical geometry.
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3) its neutral subsets En(f jδL;TAN(x
TAN
j
δ
(1)
L
)) (resp. En(f jδR;TAN(x
TAN
j
δ
(1)
R
)) ) are characterized by
an euclidian geometry.
Proof. With reference to proposition 2.3.1, the developments will be envisaged for the
left and right cases without distinction and the notations will be simplified as follows:
Let the point xTANj
δ
(1)
L
(and xTANj
δ
(1)
R
) be given by a point M of coordinates (u1, · · · , un) and
let f jδL;TAN(x
TAN
j
δ
(1)
L
) (and f jδR;TAN(x
TAN
j
δ
(1)
R
) ) define a point P of coordinates (x1, · · · , xn) in the
neighbourhood of M .
The differential d(
−−→
MP ) of the vector
−−→
MP corresponds to a linear automorphism:
u : Γ(T (G
(n)
L,R(F
+
v )) −−−→ Γ(T (G
(n)
L,R(F
+
v )))
−−→
MP −−−→ d(
−−→
MP )
where G
(n)
L,R(F
+
v ) is a condensed notation for G
(n)
L (F
+
v ) or G
(n)
R (F
+
v ) .
d(
−−→
MP ) can be expressed by the differential [Car]
dP = (Dx1, · · · , Dxi, · · · , Dxn)
where Dxi = dxi + dui + xk Γikr du
r , 1 ≤ i ≤ n , with
Γikr =
1
2
(
∂gik
∂ur
+
∂gir
∂uk
+
∂gkr
∂ui
)
.
Let then h be the covering of Γ(T (G
(n)
L,R(F
+
v ))) by the euclidian space R
n :
h : Γ(T (G
(n)
L,R(F
+
v ))) −−−→ R
n
given by:
dP −−−→ h(dP )
in such a way that:
h ◦ u : Γ(T (G
(n)
L,R(F
+
v )) −−−→ R
n ,
−−→
MP −−−→ h(d(
−−→
MP )) .
Three possibilities occur:
1) if ‖
−−→
MP‖ = ‖h(d(
−−→
MP ))‖ , the subsets of Γ(T (G
(n)
L,R(F
+
v ))) are locally Euclidian.
It follows that the norm of
−−→
MP is conserved under the composition of maps (h ◦ u)
and, thus, that the linear automorphism u of Γ(T (G
(n)
L,R(F
+
v ))) is unitary.
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Consequently, in:
|uL(f
jδ
L;TAN(x
TAN
j
δ
(1)
L
))| = λjδ |f jδL;TAN(x
TAN
j
δ
(1)
L
)| , (∗)
(resp. |uR(f
jδ
R;TAN(x
TAN
j
δ
(1)
R
))| = λjδ |f jδR;TAN(x
TAN
j
δ
(1)
R
)| ),
a) |λjδ | = 1 .
b) uL (resp. uR ) is a flat automorphism characterized by an euclidian geometry on
the subsets of Γ(T (G
(n)
L,R(F
+
v ))) which are neutral.
2) if ‖
−−→
MP‖ > ‖h(d(
−−→
MP ))‖ , one must admit, according to proposition 2.3.1, that
d(
−−→
MP ) is given by the differential of P whose components Dxi are:
Dxi = dxi + dui + xk Γikr du
r − κ gik du
k with κ ∈ R .
The metric gik is locally hyperbolic and the curvature of Γ(T (G
(n)
L,R(F
+
v )) is locally
negative or equal to −κ .
The norm
−−→
MP is not conserved under (h ◦ u) .
Thus, in (∗), we have that:
a) |λjδ | < 1 .
b) uL (resp. uR ) is a hyperbolic automorphism which is contracting.
c) the subsets of Γ(T (G
(n)
L,R(F
+
v ))) are stable and characterized by a hyperbolic ge-
ometry.
3) if ‖
−−→
MP‖ < ‖h(d(
−−→
MP ))‖ , the components Dxi of dP are given by:
Dxi = dxi + dui + xk Γikr du
r + κ gik du
k .
The metric gik is localy spherical and the curvature of Γ(T (G
(n)
L,R(F
+
v ))) is locally
positive or equal to +κ .
Then, in (∗), we have that:
a) |λjδ | > 1 .
b) uL (resp. uR ) is a “spherical” automorphism which is expanding.
c) the subsets of Γ(T (G
(n)
L,R(F
+
v ))) are locally unstable and characterized by a spher-
ical geometry.
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3.2.8 Proposition: Singular hyperbolic attractor
Let φjδ(ωL) (resp. φjδ(ωR) ) be a singular germ (of corank 1 and codimension s ) on
the n-dimensional real-valued differentiable function φTANGjδL
(xTANgjδ
) ∈ Γ(T (G
(n)
L (F
+
v ))) (resp.
φTANGjδR
(xTANgjδ
) ∈ Γ(T (G
(n)
R (F
+
v ))) ).
The neighbourhood DφTANGjδL
(resp. DφTANGjδR
) of the singular germ φjδ(ωL) (resp. φjδ(ωR) )
on φTANGjδL
(xTANgjδ
) (resp. φTANGjδR
(xTANgjδ
) ) is a singular hyperbolic attractor ΛTANL (resp. Λ
TAN
R )
with respect to DiffL(T (G
(n)
L (F
+
v ))) (resp. DiffR(T (G
(n)
R (F
+
v ))) ) provided that:
1) the orbits of ΛTANL (resp. Λ
TAN
R ) are one-dimensional functions f
ajδ
L;TAN (resp. f
ajδ
R;TAN )
having a rank r
ajδ
fL;TAN
= r
ajδ
fR;TAN
= a  N and form the basin of attraction of ΛTANL
(resp. ΛTANR ).
2) the singularity is a non-wandering point.
3) the basin of attraction of ΛTANL (resp. Λ
TAN
R ) is a stable subset E
s(f
ajδ
L;TAN) (resp.
Es(f
ajδ
R;TAN) ) of Γ(T (G
(n)
L (F
+
v ))) (resp. Γ(T (G
(n)
R (F
+
v ))) ) characterized by a hyperbolic
geometry.
Proof.
1) According to section 3.2.5, the orbits on the neighbourhood DφTANGjδL
(resp. DφTANGjδR
)
of the singularity φjδ(ωL) (resp. φjδ(ωR) ) are one-dimensional subfunctions f
ajδ
L;TAN
(resp. f
ajδ
R;TAN ) of f
jδ
L;TAN (resp. f
jδ
R;TAN ). Consequently, they constitute the basin of
attraction of the singular hyperbolic attractor ΛTANL (resp. Λ
TAN
R ).
2) Let UφTANjδL
⊂ ΛTANL (resp. UφTANjδR
⊂ ΛTANR ) be a neighbourhood of the singularity
included into the singular hyperbolic attractor ΛTANL (resp. Λ
TAN
R ).
Then, the singularity is a non wandering point if we have, according to section 3.2.6:
f
ajδ
L;TAN(UφTANjδL
) ∩ UφTANjδL
6= ∅
(resp. f
ajδ
R;TAN(UφTANjδR)
) ∩ UφTANjδR
6= ∅ ).
3) If was proved in proposition 2.3.1 that the geometry is hyperbolic in the neighbour-
hood of the singularity. Consequently, the basin of attraction of the singular hyper-
bolic attractor is a stable subset Es(f
ajδ
L;TAN) (resp. E
s(f
ajδ
R;TAN) ) characterized by a
hyperbolic geometry whose points are contracting under the linear automorphism uL
(resp. uR ) of Γ(T (G
(n)
L (F
+
v ))) (resp. Γ(T (G
(n)
R (F
+
v ))) ).
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3.2.9 The introduction of unfolded attractors
• Let the singular germ φjδ(ωL) (resp. φjδ(ωR) ) of corank 1 and codimension s be given
by yL = ω
s+2
L (resp. yR = ω
s+2
R ).
• Its versal deformation corresponds to the development:
F (ωL, aij(xL)) = ω
s+2
L +
s
Σ
i=1
aijδ(xL) ω
i
jδL
(resp. F (ωR, aij(xR)) = ω
s+2
R +
s
Σ
i=1
aijδ(xR) ω
i
jδR
)
where:
– aijδ(xL) (resp. aijδ(xR) ) is a (n−1)-dimensional real valued differentiable function
defined on the neighbourhood DφTANGjδL
(resp. DφTANGjδR
) of the singularity yL = ω
s+2
L
(resp. yR = ω
s+2
R ) on the n-dimensional differentiable function φ
TAN
GjδL
(xTANgjδ
) (resp.
φTANGjδR
(xTANgjδ
) ).
– ωijδL
(resp. ωijδR
) is a divisor, generator of the versal unfolding of yL = ω
s+2
L
(resp. yR = ω
s+2
R ). It is localized on DφTANGjδL
(resp. DφTANGjδR
) and projected on
aijδ(xL) (resp. aijδ(xR) ) according to proposition 2.2.8.
• The set
s
∪
i=1
aijδ(xL) (resp.
s
∪
i=1
aijδ(xR) ) of functions on DφTANGjδL
(resp. DφTANGjδR
) can
be partitioned into the one-dimensional functions f
ajδ
L;TAN (resp. f
ajδ
R;TAN ), which are
perturbed orbits of DiffL(T (G
(n)
L (F
+
v ))) (resp. DiffR(T (G
(n)
L (F
+
v ))) ) (see proposition
3.2.8).
• As the set
s
∪
i=1
ωijδL
(resp.
s
∪
i=1
ωijδR
) of generators of the versal unfolding of the singular-
ity yL = ω
s+2
L (resp. yR = ω
s+2
R ) is localized on DφTANGjδL
(resp. DφTAN
GjδR
), it constitutes
the basin of an unfolded attractor ΛTANunfL (resp. Λ
TAN
unfR
):
a) centred on the singularity yL = ω
s+2
L (resp. yR = ω
s+2
R );
b) having as orbits the generators ωijδL
(resp. ωijδR
), 1 ≤ i ≤ s , which can be
rewritten according to:
ωijδL
= f
ωijδ
L;TAN(ωj
δ
(1)
L
) (resp. ωijδR
= f
ωijδ
R;TAN(ωj
δ
(1)
R
) )
where:
– f
ωijδ
L;TAN (resp. f
ωijδ
R;TAN ) is an orbital generator with respect to DiffL(ω
i
jδL
)
(resp. DiffR(ω
i
jδR
) );
– ωj
δ
(1)
L
(resp. ωj
δ
(1)
R
) is a point of an irreducible completion of ωijδL
(resp. ωijδR
).
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3.2.10 Proposition
Let ΛTANL (resp. Λ
TAN
R ) be a singular hyperbolic attractor centred on a singular germ
φjδ(ωL) (resp. φjδ(ωR) ) of corank 1 and codimension s.
Then, the versal unfolding of the germ φjδ(ωL) (resp. φjδ(ωR) ) involves the map:
V DΛL : Λ
TAN
L −−−→ Λ
TAN
strL
(resp. V DΛR : Λ
TAN
R −−−→ Λ
TAN
strR
)
of the singular hyperbolic attractor ΛTANL (resp. Λ
TAN
R ) into the singular strange attractor
ΛTANstrL = Λ
TAN
L × Λ
TAN
unfL
(resp. ΛTANstrR = Λ
TAN
R × Λ
TAN
unfR
)
where ΛTANunfL (resp. Λ
TAN
unfR
) is the unfolded attractor introduced in section 3.2.9.
Proof. As the versal unfolding of the germ φjδ(ωL) (resp. φjδ(ωR) ), given by yL =
ωs+2L (resp. yR = ω
s+2
R ), leads to the projection of s divisors ω
i
jδL
(resp. ωijδR
) on
the neighbourhood DφTANGjδL
(resp. DφTANGjδR
) of the singularity and as these divisors ωijδL
(resp. ωijδR
) can be rewritten according to f
ωijδ
L;TAN(ωj
δ
(1)
L
) (resp. f
ωijδ
R;TAN(ωj
δ
(1)
R
) ) (see section
3.2.9), it is clear that the singular hyperbolic attractor ΛTANL (resp. Λ
TAN
R ) will undergo
an unfolding leading to the attractor
ΛTANstrL = Λ
TAN
L × Λ
TAN
unfL
(resp. ΛTANstrR = Λ
TAN
R × Λ
TAN
unfR
)
which is a strange attractor.
Indeed, according to proposition 2.3.7, the strata of the neighbourhood of the singular-
ity perturbed by the versal deformation are characterized by a spherical geometry. These
strata are the generators (or the orbits) f
ωijδ
L;TAN(ωj
δ
(1)
L
) (resp. f
ωijδ
R;TAN(ωj
δ
(1)
R
) ) of the ver-
sal deformation projected on the orbits f
ajδ
L;TAN (resp. f
ajδ
R;TAN ) of the singular hyperbolic
attractor ΛTANL (resp. Λ
TAN
R ) .
Consequently, these strata are given by the functions:
f strL;TAN = f
ajδ |ω
i
jδ
L;TAN × f
ωijδ
L;TAN (resp. f
str
R;TAN = f
ajδ |ω
i
jδ
R;TAN × f
ωijδ
R;TAN )
where f
ajδ |ω
i
jδ
L;TAN (resp. f
ajδ |ω
i
jδ
R;TAN ) is a one-dimensional subfunction of f
ajδ
L;TAN (resp. f
ajδ
R;TAN )
characterized by a rank r
f
ajδ
|ωi
jδ
L;TAN
= b N inferior to the rank r
f
ajδ
L;TAN
= a N of f
ajδ
L;TAN (resp.
f
ajδ
R;TAN ) with b < a , b ∈ IN (see proposition 3.2.8).
These strata f strL;TAN (resp. f
str
R;TAN ) belong to the basin of the singular strange attractor
ΛTANstrL (resp. Λ
TAN
strR
) in such a way that:
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a) f
ajδ |ω
i
jδ
L;TAN ∈ Λ
TAN
L (resp. f
ajδ |ω
i
jδ
R;TAN ∈ Λ
TAN
R );
b) f
ωijδ
L;TAN ∈ Λ
TAN
unfL
(resp. f
ωijδ
R;TAN ∈ Λ
TAN
unfR
).
These strata f strL;TAN (resp. f
str
R;TAN ) are characterized by a spherical geometry since
their points are expanding under the automorphism uL (resp. uR ). Consequently, these
strata f strL;TAN (resp. f
str
R;TAN ) constitue unstable subsets E
u(f strL;TAN) (resp. E
u(f strR;TAN) ) of
Γ(T (G
(n)
L (F
+
v ))) (resp. Γ(T (G
(n)
R (F
+
v ))) ).
3.2.11 Proposition
The simplest singular strange attractor ΛTANstrL (resp. Λ
TAN
strR
) is composed of:
1) a(n) (unfolded) singularity yL = ω
s+2
L (resp. yR = ω
s+2
R );
2) a stable subset Es(f
(a−b)jδ
L;TAN ) (resp. E
s(f
(a−b)jδ
R;TAN ) ) characterized by a hyperbolic geome-
try;
3) unstable subsets Eu(f strL;TAN) (resp. E
u(f strR;TAN) ) characterized by a spherical geometry.
Proof.
1) Let the unstable subsets Eu(f strL;TAN) (resp. E
u(f strR;TAN) ) be given by the functions
f strL;TAN (resp. f
str
R;TAN ) according to proposition 3.2.10.
Then, the stable subset Es(f
(a−b)jδ
L;TAN ) (resp. E
s(f
(a−b)jδ
R;TAN ) ) characterized by a hyperbolic
geometry, is:
Es(f
(a−b)jδ
L;TAN ) = E
s(f
ajδ
L;TAN)−
s
∪
i=1
f
ajδ |ω
i
jδ
L;TAN
(resp. Es(f
(a−b)jδ
R;TAN ) = E
s(f
ajδ
R;TAN)−
s
∪
i=1
f
ajδ |ω
i
jδ
R;TAN )
where:
• Es(f
ajδ
L;TAN) (resp. E
s(f
ajδ
R;TAN) ) is the basin of attraction of the singular hyperbolic
attractor ΛTANL (resp. Λ
TAN
R ) given by the orbits f
ajδ
L;TAN (resp. f
ajδ
R;TAN ) having a
rank r
f
ajδ
L;TAN
= a N according to proposition 3.2.8.
• f
ajδ |ω
i
jδ
L;TAN (resp. f
ajδ |ω
i
jδ
R;TAN ) is a subfunction of f
ajδ
L;TAN (resp. f
ajδ
R;TAN ) on which the
generator ωijδL
(resp. ωijδR
) has been projected according to proposition 3.2.10.
2) The concept of singular attractor was introduced in [Pie3] and the notion of singular
strange attractor was developed in [Pie3] and independently in [P-R].
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The fact that ΛTANstrL (resp. Λ
TAN
strR
) is a strange attractor corresponds to its description
by H. Schuster [Sch]:
“A strange attractor arises typically when the flow contracts the volume
element in some directions, but stretches it along others. To remain confined
to a bounded domain, the volume element is folded at the same time”.
An excellent literature on strange attractors can also be found in [Rue1], [Rue2];
[Mil2], [M-P], [E-R] and [Wil].
3.2.12 Structure of a general singular strange attractor
According to proposition 3.2.10, a singular strange attractor is defined by:
ΛTANstrL = Λ
TAN
L × Λ
TAN
unfL
(resp. ΛTANstrR = Λ
TAN
R × Λ
TAN
unfR
)
where the unfolded attractor ΛTANunfL (resp. Λ
TAN
unfR
) has as orbits the generators ωijδL
(resp.
ωijδR
), 1 ≤ i ≤ s , of the versal deformation of the singularity yL = ω
s+2
L (resp. yR = ω
s+2
R )
localized on the singular hyperbolic attractor ΛTANL (resp. Λ
TAN
R ).
But, these generators ωijδL
(resp. ωijδR
) can carry singularities for i ≥ 2 according to
proposition 2.2.8 and section 3.1.21. As a result, a generator ωijδL
(resp. ωijδR
) carrying
a singularity is a singular hyperbolic attractor, noted ΛTAN
ωijδL
(resp. ΛTAN
ωijδR
), according to
proposition 3.2.8.
Consequently, the unfolded attractor can be rewritten as follows:
ΛTANunfL =
s
∪
i=1
ΛTANωijδL
(resp. ΛTANunfR =
s
∪
i=1
ΛTANωijδR
)
where:
• ΛTAN
ωijδL
(resp. ΛTAN
ωijδR
) is a singular hyperbolic attractor for i ≥ 2 .
• ΛTAN
ω1jδL
(resp. ΛTAN
ω1jδR
) is a divisor.
And, a general singular strange attractor can be decomposed according to:
ΛTANstrL = Λ
TAN
L ×
(
s
∪
i=1
ΛTANωijδL
)
(resp. ΛTANstrR = Λ
TAN
R ×
(
s
∪
i=1
ΛTANωijδR
)
).
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3.2.13 Proposition
Let SOTmaxjδL
= (τVωjδL
◦ πmaxsjδL
) (resp. SOTmaxjδR
= (τVωjδR
◦ πmaxsjδR
) ) denote the maximal
spreading-out isomorphism pulling out completely the generators ωijδL
(resp. ωijδR
) of the
versal deformation of the singularity yL = ω
s+2
L (resp. yR = ω
s+2
R ) from its neighbourhood
DφTANGjδL
(resp. DφTANGjδR
).
Then, the maximal spreading-out isomorphism
SOTmaxjδL
: ΛTANstrL −−−→ Λ
TAN
L ⊕
s
∪
i=1
ΛTANωijδL
(resp. SOTmaxjδR
: ΛTANstrR −−−→ Λ
TAN
R ⊕
s
∪
i=1
ΛTANωijδR
)
decomposes the general singular strange attractor ΛTANstrL (resp. Λ
TAN
strR
) into the original
singular hyperbolic attractor ΛTANL (resp. Λ
TAN
R ) and into a set of (s − 1) disconnected
singular hyperbolic attractors and a disconnected divisor.
Proof. The SOTmaxjδL
(resp. SOTmaxjδR
) spreading-out isomorphism corresponds to an
extension of the quotient algebra of the versal deformation of the singular semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) developed in corollary 3.1.17 and restricted to the (jδ, mjδ) conjugacy class
representative of G
(n)
L (F
+
v ) (resp. G
(n)
R (F
+
v ) ).
As the unfolded attractor ΛTANunfL (resp. Λ
TAN
unfR
) is the union of hyperbolic attractors
ΛTAN
ωijδL
(resp. ΛTAN
ωijδR
) and of a divisor, which are the generators ωijδL
(resp. ωijδR
) of the versal
deformation of the singularity yL = ω
s+2
L (resp. yR = ω
s+2
R ), the maximal spreading-out
isomorphism SOTmaxjδL
(resp. SOTmaxjδR
) is the inverse map
SOTmaxjδL
= (V DΛL)
−1 (resp. SOTmaxjδR
= (V DΛR)
−1 )
of the versal unfolding
V DΛL : Λ
TAN
L −−−→ Λ
TAN
strL
(resp. V DΛR : Λ
TAN
R −−−→ Λ
TAN
strR
)
introduced in proposition 3.2.10.
Consequently, SOTmaxjδL
(resp. SOTmaxjδR
) blows up the general singular strange attractor
ΛTANstrL (resp. Λ
TAN
strR
) into the original singular hyperbolic attractor ΛTANL (resp. Λ
TAN
R ),
(s − 1) disconnected singular hyperbolic attractors ΛTAN
ωijδL
(resp. ΛTAN
ωijδR
), i ≥ 2 , and a
divisor ΛTAN
ω1jδL
(resp. ΛTAN
ω1jδR
) corresponding to the generators of the versal deformation.
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3.2.14 Corollary
Let V DΛL (resp. V DΛR ) denote the versal deformation transforming a hyperbolic singular
attractor ΛTANL (resp. Λ
TAN
R ) into a general singular strange attractor Λ
TAN
strL
(resp. ΛTANstrR ).
Let SOTmaxjδL
(resp. SOTmaxjδR
) be the maximal spreading-out isomorphism blowing up
the general singular strange attractor.
Then, the following composition of maps:
SOTmaxjδL
◦ V DΛL : Λ
TAN
L
V DΛL−−−→ ΛTANstrL
SOTmaxjδL−−−−−→ΛTANL ⊕
s
∪
i=1
ΛTANωijδL
(resp. SOTmaxjδR
◦ V DΛR : Λ
TAN
R
V DΛR−−−→ ΛTANstrR
SOTmaxjδR−−−−−→ΛTANR ⊕
s
∪
i=1
ΛTANωijδR
)
is such that
SOTmaxjδL
= (V DΛL)
−1 (resp. SOTmaxjδR
= (V DΛR)
−1 ).
Proof. This is a consequence of proposition 3.2.13 and of the generation of the versal
deformation given in proposition 2.2.8.
Note that the paper of [B-L-M-P] introduces the explosion of singular cycles, phe-
nomenon closed to the blowing up of strange attractors considered here and in [Pie3].
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4 Langlands global correspondences affected by de-
generate singularities
The aim of this chapter consists in showing in what extent it is possible to develop global
correspondences of Langlands for a (bisemi)sheaf of rings on the real bilinear algebraic
semigroup affected by degenerate singularities in the sense of chapters 2 and 3.
4.1 The transformation of the bisemisheaf of rings θ
G
(n)
R
×θ
G
(n)
L
on
the real bilinear algebraic semigroup G(n)(F+v × F
+
v ) under
degenerate singularities
First, it will be recalled what is the n-dimensional real irreducible global correspon-
dence of Langlands as developed in [Pie1]: it consists in a bijection between the n-
dimensional irreducible representation IrrRep
(n)
W
F
+
R×L
(W ab
F+R
×W ab
F+L
) of the product, right by
left, of Weil groups and the irreducible cuspidal representation of G(n)(F+v ×F
+
v ) given by
Irr ELLIP(GLn(A F+,Tv
× A F+,Tv )) . These concepts will thus be reviewed, and, among
others, the definition of global Weil groups.
4.1.1 Global Weil groups
Let Gal(F˜+vjδ
/
F 0) (resp. Gal(F˜+vjδ
/
F 0) ) denote the Galois subgroup of the extension F˜+vjδ
(resp. F˜+vjδ
) in one-to-one correspondence with the peudo-ramified completion F+vjδ
(resp.
F+vjδ
) having a rank given by:
[F+vjδ
: F 0] = ∗+ jδ N , ∗ ∈ IN , ∗ < N
(resp. [F+vjδ
: F 0] = ∗+ jδ N ).
And, let Gal(
˙˜
F
+
vjδ
/
F 0) (resp. Gal(
˙˜
F
+
vjδ
/
F 0) ) be the Galois subgroup of the peudo-
ramified extension
˙˜
F
+
vjδ
(resp.
˙˜
F
+
vjδ
) characterized by a degree:
[
˙˜
F
+
vjδ
: F 0] = jδ N (resp. [
˙˜
F
+
vjδ
: F 0] = jδ N )
(see section 1.1).
Then, according to [Pie1], the global Weil group W ab
F+L
(resp. W ab
F+R
) is given by:
W ab
F+L
= ⊕
jδ
⊕
mjδ
Gal(
˙˜
F
+
vjδ,mjδ
/
F 0) (resp. W ab
F+R
= ⊕
jδ
⊕
mjδ
Gal(
˙˜
F
+
vjδ,mjδ
/
F 0) )
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and, its product, right by left, is:
W ab
F+R
×W ab
F+L
= ⊕
jδ
⊕
mjδ
Gal(
˙˜
F
+
vjδ,mjδ
/
F 0)×Gal(
˙˜
F
+
vjδ,mjδ
/
F 0) .
The n-dimensional irreducible representation of the product, right by left, W ab
F+R
×W ab
F+L
of global Weil groups is given by:
Irr Rep
(n)
W
F
+
R×L
(W ab
F+R
×W ab
F+L
) = G(n)(F+v⊕ × F
+
v⊕)
according to [Pie1] (proposition 3.4.3).
4.1.2 Cuspidal representation of GLn(F
+
v × F
+
v
)
Let G(n)(F+,Tv × F
+,T
v ) be the reductive bilinear algebraic semigroup G
(n)(F+v × F
+
v ) sub-
mitted to the toroidal compactification γcR×L as developed in section 3.4 of [Pie1].
Its conjugacy class representatives g
(n)
TR×L
[jδ, mjδ ] = g
(n)
TR
[jδ, mjδ ]× g
(n)
TL
[jδ, mjδ ] are prod-
ucts, right by left, of n-dimensional real semitori T nR[jδ, mjδ ]× T
n
L [jδ, mjδ ] .
Each complex-valued bifunction φ
(n)
GTR
(xgTjδR
)⊗ φ
(n)
GTL
(xgTjδL
) on the conjugacy class repre-
sentative g
(n)
TR×L
[jδ, mjδ ] ∈ G
(n)(F+,Tv × F
+,T
v ) is given by:
φ
(n)
GTR
(xgTjδR
)⊗ φ
(n)
GTL
(xgTjδL
) = T nR[jδ, mjδ ]× T
n
L [jδ, mjδ ]
= λ
1
2 (n, jδ, mjδ) e
−2πijδx ⊗ λ
1
2 (n, jδ, mjδ) e
2πijδx
where:
• λ(n, jδ, mjδ) =
n
Π
c=1
λc(n, jδ, mjδ) is a product of eigenvalues λc(n, jδ, mjδ) of the jδ-
th coset representative (UjδR × UjδL ) of the product (TR(n; t) ⊗ TL(n; t)) of Hecke
operators;
• −→x =
n
Σ
c=1
xc
−→e c is a vector of (F
+
vjδ
)n and, more precisely, a point of g
(n)
L [jδ, mjδ ] .
The sum of all bifunctions on the conjugacy class representatives of G(n)(F+,Tv ×F
+,T
v )
is:
φ
(n)
GTR
(xgTR)⊗ φ
(n)
GTL
(xgTL ) =
r
⊕
jδ=1
⊕
mjδ
(φ
(n)
GTR
(xgTjδR
)⊗ φ
(n)
GTL
(xgTjδL
))
= ⊕
jδ
⊕
mjδ
(λ
1
2 (n, jδ, mjδ) e
−2πijδx ⊗ λ
1
2 (n, jδ, mjδ) e
2πijδx)
= ELLIPR(n, jδ, mjδ)⊗ ELLIPL(n, jδ, mjδ)
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where
ELLIPR×L(n, jδ, mjδ) = ELLIPR(n, jδ, mjδ)⊗ ELLIPL(n, jδ, mjδ)
constitutes the n-dimensional irreducible elliptic (and cuspidal) representation
Irr ELLIP(GLn(A F+,Tv
×A F+,Tv )) of GLn(F
+,T
v ×F
+,T
v ) , where A F+,Tv
and A F+,Tv ) are toroidal
adele semirings according to section 1.1.
4.1.3 The n-dimensional real irreducible global correspondence of Langlands
The global correspondence considered here is thus given by:
Irr Rep
(n)
W
F
+
R×L
(W ab
F+R
×W ab
F+L
) −−−→ Irr ELLIPR×L(GLn(A F+,Tv
× A F+,Tv ))
‖ ‖
G(n)(F+,Tv⊕ × F
+,T
v⊕ ) −−−→ ELLIPR×L(n, jδ, mjδ)
where:
• IrrRep
(n)
W
F
+
R×L
(W ab
F+R
×W ab
F+L
) is the sum of the products, right by left, of the equiva-
lence classes of the irreducible n-dimensional Weil-Deligne representation of the bi-
linear global Weil group (W ab
F+
R
×W ab
F+
L
) given by the algebraic bilinear real semigroup
G(n)(F+v⊕ × F
+
v⊕)) ;
• Irr ELLIPR×L(GLn(A F+,Tv
× A F+,Tv ) is the sum of the products, right by left, of the
equivalence classes of the irreducible elliptic representation of GLn(F
+,T
v × F
+,T
v ))
given by the n-dimensional global elliptic bisemimodule ELLIPR×L(n, jδ, mjδ) .
4.1.4 The singularization of the bisemisheaf on G(n)(F+v × F
+
v
)
As we are concerned with the problem of (degenerate) singularities in the global pro-
gram of Langlands, we shall take into account the set of real-valued differentiable bi-
functions {φ
(n)
GjR
(xgjδR
)⊗φ
(n)
GjL
(xgjδL
)} on the corresponding conjugacy class representatives
{g
(n)
R×L[jδ, mjδ ]} of the bilinear real algebraic semigroup G
(n)(F+v × F
+
v ) , as mentioned in
section 1.6. And, more precisely, we shall work with the bisemisheaf of rings θ
G
(n)
R×L
=
θ
G
(n)
R
⊗θ
G
(n)
L
, whose (bi)sections are the differentiable bifunctions φ
(n)
GjR
(xgjδR
)⊗φ
(n)
GjL
(xgjδL
)
(see section 1.7).
Let θ
G
(n)
L
(resp. θ
G
(n)
R
) be the semisheaf of left (resp. right) differentiable functions
φ
(n)
GjL
(xgjL ) (resp. φ
(n)
GjR
(xgjR ) ), rewritten in a condensed form according to φjδ(xL) (resp.
φjδ(xR) ).
72
The singularization of θ
G
(n)
L
(resp. θ
G
(n)
R
) is given by the contracting surjective morphism
(see section 2.1):
ρGL : θG(n)L
−−−→ θ∗
G
(n)
L
(resp. ρGR : θG(n)R
−−−→ θ∗
G
(n)
R
)
where θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) denotes the left (resp. right) singular semisheaf whose sections
φ∗jδ(xL) (resp. φ
∗
jδ
(xR) ) are endowed with germs φjδ(ωL) (resp. φjδ(ωR) ) having degenerate
singularities of corank 1 .
The corresponding singular bisemisheaf is (θ∗
G
(n)
R
⊗θ∗
G
(n)
L
) degenerate from (θ
G
(n)
R
⊗θ
G
(n)
L
)
under the contracting surjective morphism:
ρGR × ρGL : θG(n)R
× θ
G
(n)
L
−−−→ θ∗
G
(n)
R
× θ∗
G
(n)
L
.
4.1.5 The versal deformation of the singular bisemisheaf (θ∗
G
(n)
R
× θ∗
G
(n)
L
)
Let
DSL : θ
∗
G
(n)
L
× θSL −−−→ θ
∗
G
(n)
L
(resp. DSR : θ
∗
G
(n)
R
× θSR −−−→ θ
∗
G
(n)
R
)
be the versal deformation of the singular semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
). It is a con-
tracting fibre bundle whose fibre θSL = {θ
1(ω1L), · · · , θ
1(ωiL), · · · , θ
1(ωsL)} (resp. θSR =
{θ1(ω1R), · · · , θ
1(ωiR), · · · , θ
1(ωsR)} ) is the family of (semi)sheaves of the left (resp. right)
base SL (resp. SR ) of the versal deformation.
As developed in section 2.1, the versal deformation of a degenerate singularity of corank
1 and codimension s on a section φ∗jδ(xL) (resp. φ
∗
jδ
(xR) ) of θ
∗
G
(n)
L
(resp. θ∗
G
(n)
R
) is yielded by
a sequence of s contracting morphisms extending the corresponding sequence of contracting
surjective morphisms of singularization.
4.1.6 The spreading-out isomorphism
It consists in a blow-up of the versal deformation θ∗
G
(n)
L
× θSL (resp. θ
∗
G
(n)
R
× θSR ) of the
singular semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
).
This blow-up is maximal if the spreading-out isomorphism SOTmaxL = (τVωL ◦ π
max
sL
)
(resp. SOTmaxR = (τVωR ◦ π
max
sR
) ) is the inverse of the versal deformation:
SOTmaxL = (DSL)
−1 (resp.SOTmaxR = (DSR)
−1 ).
It is then given by the map:
SOTmaxL : θ
∗
G
(n)
L
× θSL −−−→ θ
∗
G
(n)
L
∪ θSL
(resp. SOTmaxR : θ
∗
G
(n)
R
× θSR −−−→ θ
∗
G
(n)
R
∪ θSR )
73
projecting the family of sheaves of the left (resp. right) base SL (resp. SR ) of the versal
deformation in the vertical tangent space TVωL (resp. TVωR ) (see proposition 3.1.16 and
corollary 3.1.17).
Let θ∗SOT (1)L (resp. θ
∗
SOT (1)R
) be the family θSL (resp. θSR ) of disconnected base
semisheaves having been glued together according to section 3.1.20:
The semisheaf θ∗SOT (1)L ≃ θSL (resp. θ
∗
SOT (1)R
≃ θSR ) covers partially the singular
semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) but can be affected by singularities in its sections. . . which
can also undergo a versal deformation.
For the simplicity, we shall consider that we are only confronted with the singular
semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) and its first cover θ∗SOT (1)L (resp. θ
∗
SOT (1)R
), having possible
singularities.
4.1.7 Contracting morphisms of singularization
The bisemisheaf θ
G
(n)
R
×θ
G
(n)
L
, being defined on the bilinear algebraic semigroup G(n)(F+v ×
F+v ) , constitutes an n-dimensional irreducible real representation IrrRep
(n)
W
F
+
R×L
(W ab
F+R
×
W ab
F+L
) of the bilinear global Weil group.
The fact of considering contracting morphisms of singularization leads to the transfor-
mation of θ
G
(n)
R
× θ
G
(n)
L
into:
θ
G
(n)
R
× θ
G
(n)
L
ρGR
×ρGL−−−−−−→ θ∗
G
(n)
R
× θ∗
G
(n)
L
DSR×DSL−−−−−−→ (θ∗
G
(n)
R
× θSR)⊗ (θ
∗
G
(n)
L
× θSl)
SOTmaxR ×SOT
max
L−−−−−−−−−−→ (θ∗
G
(n)
R
∪ θ∗SOT (1)R)⊗ (θ
∗
G
(n)
L
∪ θ∗SOT (1)L)
where:
• ρGR × ρGL is the contracting morphism of singularization;
• DSR ×DSL is the contracting morphism of versal deformation;
• SOTmaxR × SOT
max
L is the (contracting) blow-up of the versal deformation.
But, the bisemisheaves (θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
) and (θ∗SOT (1)R ⊗ θ
∗
SOT (1)L
) , being affected by
singularities, cannot be endowed with a cuspidal representation.
To reach this objective, it is necessary to:
1) desingularize these bisemisheaves;
2) submit them to a toroidal compactification.
This is the aim of the next section.
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4.2 Langlands global correspondences despite of degenerate sin-
gularities
4.2.1 Desingularizing the bisemisheaf (θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
)
The desingularization of the semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) corresponds to the classi-
cal monoidal transformations applied to the singularities on the sections φ∗jδ(xL) (resp.
φ∗jδ(xR) ) of θ
∗
G
(n)
L
(resp. θ∗
G
(n)
R
).
A desingularization of φ∗jδ(xL) (resp. φ
∗
jδ
(xR) ) is described succinctly in proposition
2.1.3 and corresponds to the inverse morphism of a singularization developed in section
2.1.
More concretely, if we want to desingularize a germ φjδ(ωL) (resp. φjδ(ωR) ) on φ
∗
jδ
(xL)
(resp. φ∗jδ(xR) ), given by the degenerate singularity yL = ω
s+2
L (resp. yR = ω
s+2
R ) of
corank 1 and codimensions s , we have to consider the following sequence of expanding
morphisms:
ρ
(desing)
L : ω
s+2
L
ρ
(−1)(s+2)
L−−−−−→ ωs+1L ∪D
(s+1)
L
ρ
(−1)(s+1)
L−−−−−→ ωsL ∪D
s
L −−−→ . . .
ρ
(−1)(1)
L−−−−→ ωL ∪D
(1)
L
(resp. ρ
(desing)
R : ω
s+2
R
ρ
(−1)(s+2)
R−−−−−→ ωs+1R ∪D
(s+1)
R
ρ
(−1)(s+1)
R−−−−−→ ωsR ∪D
s
R −−−→ . . .
ρ
(−1)(1)
R−−−−→ ωR ∪D
(1)
R )
where:
1) the expanding morphism of desingularization
ρ
(−1)(s+1)
L : ω
s+1
L −−−→ ω
s
L∪DsL (resp. ρ
(−1)(s+1)
R : ω
s+1
R −−−→ ω
s
R∪DsR )
is a projective morphism, disconnecting the divisor DsL (resp. D
s
R ) from the singular
sublocus
Σ
(s+1)
L = ω
s+1
L (resp. Σ
(s+1)
R = ω
s+1
R ).
2) ρ
(desing)
L : φ
∗
jδ
(xL) −−−→ φjδ(xL) ∪ (D
(s+1)
L , D
(s)
L , · · · , D
(1)
L )
(resp. ρ
(desing)
R : φ
∗
jδ
(xR) −−−→ φjδ(xR) ∪ (D
(s+1)
R , D
(s)
R , · · · , D
(1)
R ) )
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is the desingularization of yL = ω
s+2
L (resp. yR = ω
s+2
R ) on φ
∗
jδ
(xL) (resp. φ
∗
jδ
(xR) )
disconnecting (by projection) the set of divisors (D
(s+1)
L , D
(s)
L , · · · , D
(1)
L ) (resp. (D
(s+1)
R ,
D
(s)
R , · · · , D
(1)
R ) ) which generate a real projective subscheme of dimension (s− 1) .
As a result, φjδ(xL) (resp. φjδ(xR) ) becomes a smooth section of θG(n)
L
(resp. θ
G
(n)
R
).
3) the expanding morphism of desingularization ρ
(desing)
L (resp. ρ
(desing)
R ) is an isomor-
phism outside the singular locus ΣL = ω
s+2
L (resp. ΣR = ω
s+2
R ) according to:
ρ
(−1)is
L : φjδ(xL)r (ΣL) −−−→ φjδ(xL)r (ρ
(−1)
L (ΣL))
(resp. ρ
(−1)is
R : φjδ(xR)r (ΣR) −−−→ φjδ(xR)r (ρ
(−1)
R (ΣR)) ).
This desingularization process is exactly the inverse of the singularization developed in
proposition 2.1.10.
The desingularization or resolution of singularities on all the sections φ∗jδ(xL) (resp.
φ∗jδ(xR) ) of the singular semisheaf θ
∗
G
(n)
L
(resp. θ∗
G
(n)
R
) is given by the set of expanding
morphisms:
ρ
(desing)
GL
: θ∗
G
(n)
L
−−−→ θG(n)L
(resp. ρ
(desing)
GR
: θ∗
G
(n)
R
−−−→ θG(n)R
)
in such a way that:
ρ
(desing)
GL
= ρ−1GL (resp. ρ
(desing)
GR
= ρ−1GR )
where ρGL (resp. ρGR ) denotes the set of contracting morphisms of singularization of θG(n)L
(resp. θ
G
(n)
R
).
And, the resolution of singularities of the singular semisheaf θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
is given by:
ρ
(desing)
GR
× ρ
(desing)
GL
: θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
−−−→ θG(n)R
⊗ θ
G
(n)
L
.
4.2.2 Resolution of singularities of the covering bisemisheaf θ∗
SOT(1)R
⊗θ∗
SOT(1)L
As the sections of the semisheaf θ∗
G
(n)
L
(resp. θ∗
G
(n)
R
) are endowed with singularities of corank
1 and codimension s , the semisheaf θ∗SOT (1)L (resp. θ
∗
SOT (1)R
) (being the family of “ s ”
base semisheaves of the versal deformation having been glued together) can be affected
on its sections by singularities of corank 1 and maximal codimensions equal to (s − 2)
according to section 3.1 and proposition 2.2.8.
So, a resolution of singularities of this covering bisemisheaf θ∗SOT (1)R⊗θ
∗
SOT (1)L
must be
envisaged as it was done for the bisemisheaf θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
.
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The resolution of singularities of θ∗SOT (1)R⊗θ
∗
SOT (1)L
will then be given by the morphism:
ρ
(desing)
SOT (1)R
× ρ
(desing)
SOT (1)L
: θ∗SOT (1)R ⊗ θ
∗
SOT (1)L −−−→ θSOT (1)R ⊗ θSOT (1)L
where θSOT (1)R ⊗ θSOT (1)L denotes the free corresponding bisemisheaf.
4.2.3 Global holomorphic representation of θ
G
(n)
R
⊗ θ
G
(n)
L
As the bisemisheaf θ
G
(n)
R
⊗ θ
G
(n)
L
was desingularized from its corresponding singular equiv-
alent θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
, a n-dimensional irreducible global holomorphic representation can be
worked out for it, as it was developed in section 3.1 of [Pie1]. We shall recall it briefly.
The sections of the semisheaf θ
G
(n)
L
(resp. θ
G
(n)
R
) are the complex-valued differentiable
functions (resp. cofunctions):
fvjδ ,mjδ (z
jδ) : g
(n)
L [jδ, mjδ ] −−−→ Fωj
(resp. fvjδ ,mjδ (z
∗jδ) : g
(n)
L [jδ, mjδ ] −−−→ Fωj )
on the conjugacy class representatives g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ) of G
(n)(F+v ) (resp.
G(n)(F+v ) ) on which θG(n)L
(resp. θ
G
(n)
R
) is defined.
zjδ (resp. z∗jδ ) are the coordinate functions on g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ) with
respect to the charts:
cjδ,mjδ z
jδ : g
(n)
L [jδ, mjδ ] −−−→ g
(n)
L [j,mj ]
(resp. c∗jδ,mjδ
z∗jδ : g
(n)
R [jδ, mjδ ] −−−→ g
(n)
R [j,mj ] )
where g
(n)
L [j,mj ] (resp. g
(n)
R [j,mj ] ) are the corresponding complex conjugacy class repre-
sentatives.
If the conjugacy class representatives g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ) are glued to-
gether, then, a Laurent polynomial corresponding to the mapping:
fv(z) : G
(n)(F+v ) −−−→ Fω (resp. fv(z
∗) : G(n)(F+v ) −−−→ Fω )
is given, on G(n)(F+v⊕) (resp. G
(n)(F+v⊕) ) , by:
fv(z) =
r
Σ
jδ=1
Σ
mjδ
cjδ,mjδ z
jδ , 1 ≤ jδ ≤ r ≤ ∞
(resp. fv(z
∗) =
r
Σ
jδ=1
Σ
mjδ
c∗jδ,mjδ
z∗jδ . )
where: F+v⊕ =
r
⊕
jδ=1
⊕
mjδ
F+vjδ,mjδ
(resp. F+v =
r
⊕
jδ=1
⊕
mjδ
F+vjδ,mjδ
).
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Note that the Laurent polynomial fv(z) (resp. fv(z
∗) ) is the sum of the Laurent
monomials fvjδ (z
jδ) (resp. fvjδ (z
∗jδ) ) on g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ):
fv(z) = Σ
jδ
Σ
mjδ
fvjδ,mjδ
(zjδ) (resp. fv(z
∗) = Σ
jδ
Σ
mjδ
fvjδ,mjδ
(z∗jδ) ).
So, on G(n)(F+v⊕) (resp. G
(n)(F+v⊕) ), the function fv(z) (resp. fv(z
∗) ), defined in a
neighbourhood of a point z0 (resp. z
∗
0 ) of C
n , is holomorphic at z0 (resp. z
∗
0 ) if we have
the multiple power series development:
fv(z) =
∞
Σ
jδ=1
Σ
mjδ
cjδ,mjδ (z1 − z01)
jδ · · · (zn − z0n)
jδ
(resp. fv(z
∗) =
∞
Σ
jδ=1
Σ
mjδ
c∗jδ,mjδ
(z∗1 − z
∗
01)
jδ · · · (z∗n − z
∗
0n)
jδ )
where:
• z1, z01, · · · , zn, z0n are complex functions of one real variable;
• zi : F
+
v1iσ
−−−→ Fω1i
• cjδ,mjδ (resp. c
∗
jδ,mjδ
) is in one-to-one correspondence with the product of the square
roots of the eigenvalues of the (jδ, mjδ)-th coset representative Ujδ,mjδR
× Ujδ,mjδL
of
the product TR(n; t)⊗ TL(n; t) of the Hecke operators.
And, the global holomorphic representation Irr hol(n)(θ
G
(n)
R
⊗ θ
G
(n)
L
) of the bisemisheaf
θ
G
(n)
R
⊗ θ
G
(n)
L
is given by the morphism:
Irr hol
(n)
θGR×L
: θ
G
(n)
R
⊗ θ
G
(n)
L
−−−→ fv(z
∗)⊗ fv(z)
where fv(z
∗)⊗fv(z) is the holomorphic bifunction obtained by gluing together and adding
the bisections of the bisemisheaf θ
G
(n)
R
⊗ θ
G
(n)
L
.
4.2.4 Holomorphic representation of the covering bisemisheaf
θSOT(1)R ⊗ θSOT(1)L
The singularities of the covering bisemisheaf θ∗SOT (1)R ⊗ θ
∗
SOT (1)L
having been resolved, the
free bisemisheaf θSOT (1)R ⊗ θSOT (1)L can be endowed with a holomorphic representation as
it was done in section 4.2.3 for θ
G
(n)
R
⊗ θ
G
(n)
L
.
Let g
(n)
SOT (1)L
[jδ(cov), mjδ(cov)
] (resp. g
(n)
SOT (1)R
[jδ(cov), mjδ(cov)] ) denote the conjugacy class
representative of the algebraic semigroup G(n)(F+vcov) (resp. G
(n)(F+vcov) ) covering G
(n)(F+v )
(resp. G(n)(F+v ) ) where F
+
vcov denotes the set of covering completions in such a way that
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the completions F+vjδ(cov),mjδcov
are characterized by ranks rjδ(cov) = jδcov N inferior or equal
to corresponding ranks rjδ = jδ N of F
+
vjδ,mjδ
: so, jδ(cov) ≤ jδ .
The sections of the semisheaf θ∗SOT (1)L (resp. θ
∗
SOT (1)R
) are the complex-valued differ-
entiable functions (resp. cofunctions):
fvjδcov) ,mjδ(cov)
(z
jδ(cov) ) : g
(n)
SOT (1)L
[jδ(cov) , mjδ(cov) ] −−−→ Fωj(cov)
(resp. fvjδcov) ,mjδ(cov)
(z
∗jδ(cov) ) : g
(n)
SOT (1)R
[jδ(cov) , mjδ(cov) ] −−−→ Fωj(cov) )
If the conjugacy class representatives g
(n)
SOT (1)L
[jδ(cov) , mjδ(cov) ] (resp. g
(n)
SOT (1)R
[jδ(cov) , mjδ(cov) ] )
are glued together, then the Laurent polynomial
fvcov(zcov) =
r
Σ
jδ(cov)=1
Σ
mjδ(cov)
cjδ(cov) ,mjδ(cov)
z
jδ(cov) , 1 ≤ jδ(cov) ≤ r ≤ ∞
(resp. fvcov(z
∗
cov) =
r
Σ
jδ(cov)=1
Σ
mjδ(cov)
c∗jδ(cov) ,mjδ(cov)
z
∗jδ(cov) )
can be defined on G(n)(F+v(cov)) (resp. G
(n)(F+v(cov)) ) where cjδ(cov) ,mjδ(cov)
is in one-to-one cor-
respondence with the product of the square roots of the eigenvalues of the (jδ(cov) , mjδ(cov) )-th
coset representative of the product of the Hecke operators.
And, the corresponding holomorphic function (resp. cofunction) will be given by the
multiple power series development:
fvcov(zcov) =
r
Σ
jδ(cov)=1
Σ
mjδ(cov)
cjδ(cov) ,mjδ(cov)
(z1 − z01)
jδ(cov) · · · (zn − z0n)
jδ(cov)
(resp. fvcov(z
∗
cov) =
r
Σ
jδ(cov)=1
Σ
mjδ(cov)
c∗jδ(cov) ,mjδ(cov)
(z∗1 − z
∗
01)
jδ(cov) · · · (z∗n − z
∗
0n)
jδ(cov) ).
The global homomorphic representation Irr hol(n)(θSOT (1)R⊗θSOT (1)L) of the covering bisem-
isheaf θSOT (1)R ⊗ θSOT (1)L is given by the morphism:
Irr hol
(n)
θSOT (1)R×L
: θSOT (1)R ⊗ θSOT (1)L) −−−→ fvcov(z
∗
cov)⊗ fvcov(zcov) .
4.2.5 Covering n-dimensional representation of Weil groups
As the covering bisemisheaf θSOT (1)R ⊗ θSOT (1)L) is defined on the covering algebraic
bilinear semigroup G(n)(F+v(cov) × F
+
v(cov)
), a n-dimensional irreducible real representation
Irr Rep
(n)
F cov
R×L
(W abF covR ×W
ab
F covL
) of the bilinear global Weil group (W abF covR ×W
ab
F covL
) must corre-
spond to it.
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The global Weil groups W abF covR and W
ab
F covL
may be defined as in section 4.1.1 by:
W abF covR = ⊕jδ(cov)
⊕
mjδ(cov)
Gal(
˙˜
F
+
vjδ(cov)
,mjδ(cov)
/
F 0)
W abF covL = ⊕jδ(cov)
⊕
mjδ(cov)
Gal(
˙˜
F
+
vjδ(cov)
,mjδ(cov)
/
F 0)
where
˙˜
F
+
vjδ(cov)
,mjδ(cov)
is the ramified Galois extension corresponding to the completion
F+vjδ(cov) ,mjδ(cov)
.
4.2.6 Proposition
On the bisemisheaf θ
G
(n)
R
⊗ θ
G
(n)
L
affected by degenerate singularities, the following global
holomorphic correspondences exist:
Irr Rep
(n)
W
F
+
R×L
(W ab
F+R
×W ab
F+L
) Irr hol(n)(θ
G
(n)
R
⊗ θ
G
(n)
L
)
θ
G
(n)
R
⊗ θ
G
(n)
L
fv(z
∗)⊗ fv(z)
θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
(θ∗
G
(n)
R
× θSR)⊗ (θ
∗
G
(n)
L
× θSL)
(θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
) ∪ (θ∗SOT (1)R ⊗ θ
∗
SOT (1)L
)
θSOT (1)R ⊗ θSOT (1)L fvcov(z
∗
cov)⊗ fvcov(zcov)
Irr Rep
(n)
WF cov
R×L
(W abF covR ×W
ab
F covL
) Irr hol(n)(θSOT (1)R ⊗ θSOT (1)L)
ρGR×ρGL
DSR×DSL
SOTmaxR ×SOT
max
L
ρ
(desing)
GR
×ρ
(desing)
GL
ρ
(desing)
SOT (1)R
×ρ
(desing)
SOT (1)L
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where:
1) IrrRep
(n)
W
F
+
R×L
(W ab
F+R
×W ab
F+L
)→ Irr hol(n)(θ
G
(n)
R
⊗ θ
G
(n)
L
) is the global holomorphic corre-
spondence on the bisemisheaf θ
G
(n)
R
⊗ θ
G
(n)
L
submitted consecutively to:
a) the singularization morphism ρGR × ρGL ;
b) the versal deformation DSR ×DSL ;
c) the blow- up SOTmaxR × SOT
max
L of the versal deformation;
d) the desingularization ρ
(desing)
GR
× ρ
(desing)
GL
.
2) IrrRep
(n)
WF cov
R×L
(W abF covR ×W
ab
F covL
)→ Irr hol(n)(θSOT (1)R⊗θSOT (1)L) is the global holomorphic
correspondence on the covering bisemisheaf θSOT (1)R ⊗ θSOT ()L generated by the versal
deformation DSR×DSL followed by the spreading-out isomorphism SOT
max
R ×SOT
max
L
of the singular bisemisheaf θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
.
Proof. This diagram proceeds from the preceding developments. It then results that the
blow-up of the versal deformation of the singular bisemisheaf θ∗
G
(n)
R
⊗θ∗
G
(n)
L
generates the cov-
ering bisemisheaf θSOT (1)R ⊗ θSOT ()L from which a new global holomorphic correspondence
can be established.
4.2.7 Toroidal compactification
In order to get a possible automorphic representation of the bisemisheaf θ
G
(n)
R
⊗ θ
G
(n)
L
on
the bilinear algebraic semigroup G(n)(F+v ×F
+
v ) and of the covering bisemisheaf θSOT (1)R⊗
θSOT (1)L on the covering bilinear algebraic semigroup G
(n)(F+vcov × F
+
vcov) , a toroidal com-
pactification of these bilinear algebraic semigroups G(n)(F+v × F
+
v ) and G
(n)(F+vcov × F
+
vcov)
must be realized.
According to propositions 3.2.2 and 3.2.3, the conjugacy class representatives
g
(n)
L [jδ, mjδ ] ∈ G
(n)(F+v ) (resp. g
(n)
R [jδ, mjδ ] ∈ G
(n)(F+v ) ) decompose into (jδ)
n comple-
tions of rank N .
The toroidal compactification of the linear algebraic semigroup G(n)(F+v )
(resp. G(n)(F+v ) ) can be carried out by considering the horizontal rotational tangent
bundle (see section 3.2.4):
τ
G
(n)
L ( F
+
v )
: T (G
(n)
L (F
+,T
v )) −−−→ G
(n)
L (F
+,T
v )
(resp. τ
G
(n)
R (F
+
v )
: T (G
(n)
R (F
+,T
v )) −−−→ G
(n)
R (F
+,T
v ) )
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whose total space T (G
(n)
L (F
+,T
v ))(resp. T (G
(n)
R (F
+,T
v )) )is a projective linear algebraic semi-
group PG
(n)
L (F
+,T
v ) (resp. PG
(n)
R (F
+,T
v ) ).
The sections g
(n)
TL
[jδ, mjδ ] (resp. g
(n)
TR
[jδ, mjδ ] ) of the total space T (G
(n)
L (F
+,T
v )) (resp.
T (G
(n)
R (F
+,T
v )) ) are n-dimensional real semitori whose one-dimensional fibres are semi-
circles obtained by toroidal deformation of the completions of rank N  jδ of g
(n)
L [jδ, mjδ ]
(resp. g
(n)
R [jδ, mjδ ] ) under the action of the horizontal tangent bundle τG(n)
L
(F+,Tv )
(resp.
τ
G
(n)
R (F
+,T
v )
).
Remark that this kind of toroidal compactification is in one-to-one correspondence
with the toroidal compactification of the conjugacy class representatives g
(n)
L [jδ, mjδ ] (resp.
g
(n)
R [jδ, mjδ ] ) given in terms of the projective emergent isomorphism γ
c
L (resp. γ
c
R ) intro-
duced in sections 3.2 and 3.3 of [Pie1].
The toroical compactification of the covering algebraic semigroup G
(n)
L (F
+
vcov) (resp.
G
(n)
R (F
+
vcov) ) can be performed similarly, i.e. by considering the horizontal rotational
tangent bundle:
τ
G
(n)
L (F
+,T
vcov )
: T (G
(n)
L (F
+,T
vcov )) −−−→ G
(n)
L (F
+,T
vcov )
(resp. τ
G
(n)
R (F
+,T
vcov
)
: T (G
(n)
R (F
+,T
vcov )) −−−→ G
(n)
R (F
+,T
vcov ) )
in such a way that:
1) the total space of τ
G
(n)
L (F
+,T
vcov )
(resp. τ
G
(n)
R (F
+,T
vcov
)
) is given byT (G
(n)
L (F
+,T
vcov )) (resp.
T (G
(n)
R (F
+,T
vcov )) ) .
2) the sections of the total space T (G
(n)
L (F
+,T
vcov )) (resp. T (G
(n)
R (F
+,T
vcov )) ) covering the
sections g
(n)
TL
[jδ, mjδ ] (resp. g
(n)
TR
[jδ, mjδ ] ) are not necessarily complete n-dimensional
real semitori because their one-dimensional fibres are in one-to-one correspondence
with the completions of G
(n)
L (F
+
vcov) (resp. G
(n)
R (F
+
vcov) ) having a rank rjδcov = jδcov N
inferior or equal to the rank rjδ = jδ  N of the completions of g
(n)
L [jδ, mjδ ] (resp.
g
(n)
R [jδ, mjδ ] ) (see section 4.2.4).
The bisemisheaf on the toroidal bilinear algebraic semigroup G(n)(F+,Tv ×F
+,T
v ) will be
noted θ
G
(n)
TR
⊗θ
G
(n)
TL
and the bisemisheaf on the covering toroidal bilinear algebraic semigroup
G(n)(F+,Tvcov × F
+,T
vcov ) will be written θ
cov
G
(n)
TR
⊗ θcov
G
(n)
TL
.
4.2.8 Proposition
Let
Irr hol(n)(θ
G
(n)
R
⊗ θ
G
(n)
L
: θ
G
(n)
R
⊗ θ
G
(n)
L
−−−→ fv(z
∗)⊗ fv(z)
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be the global holomorphic representation of the bisemisheaf θ
G
(n)
R
⊗ θ
G
(n)
L
given by the holo-
morphic bifunction fv(z
∗)⊗ fv(z) as introduced in section 4.2.3.
Then, τ tor(Irr hol
(n)
θGR×L
) , denoting the toroidal compactification of the global holomor-
phic representation of θ
G
(n)
R
⊗ θ
G
(n)
L
, generates the corresponding elliptic representation of
the bisemisheaf θ
G
(n)
TR
⊗ θ
G
(n)
TL
according to:
Irr hol(n)(θ
G
(n)
R
⊗ θ
G
(n)
L
) : θ
G
(n)
R
⊗ θ
G
(n)
L
fv(z
∗)⊗ fv(z)
Irr ELLIP(θ
G
(n)
TR
⊗ θ
G
(n)
TL
) : θ
G
(n)
TR
⊗ θ
G
(n)
TL
ELLIPR×L(n, jδ, mjδ)
τ tor Irr hol
(n)
θGR×L
where:
ELLIPR×L(n, jδ, mjδ) = ELLIPR(n, jδ, mjδ)⊗ ELLIPL(n, jδ, mjδ)
being the global elliptic representation of θ
G
(n)
TR
⊗ θ
G
(n)
TL
, is the product, right by left, of
n-dimensional real global elliptic semimodules given by:
ELLIPL =
r
⊕
jδ=1
⊕
mjδ
λ
1
2 (n, jδ, mjδ) e
2πijδx ,
ELLIPR =
r
⊕
jδ=1
⊕
mjδ
λ
1
2 (n, jδ, mjδ) e
−2πijδx ,
with:
• −→x =
n
Σ
c=1
xc
−→e c a vector of (F
+
v1)
n ;
• λ(n, jδ, mjδ) =
n
Π
c=1
λc(n, jδ, mjδ) according to section 4.1.2.
Proof. ELLIPR×L(n, jδ, mjδ) is also the n-dimensional irreducible elliptic representation
Irr ELLIPR×L(GLn(A F+,Tv
× A F+,Tv )) of GLn(F
+,T
v × F
+,T
v ) as developed in section 4.1.2.
In section 4.2.7, the toroidal compactification of the bisemisheaf θ
G
(n)
R
⊗ θ
G
(n)
L
into the
bisemisheaf θ
G
(n)
TR
⊗ θ
G
(n)
TL
was realized.
It remains to prove that the holomorphic representation of θ
G
(n)
R
⊗ θ
G
(n)
L
, given by
the holomorphic bifunction fv(z
∗)⊗fv(z) , is in one-to-one correspondence with the global
elliptic bisemimodule ELLIPR×L(n, jδ, mjδ) under the toroidal compactification of fv(z
∗)⊗
fv(z) .
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This is evident, since fv(z) (resp. fv(z
∗) ) decomposes into:
fv(z) =
r
Σ
jδ=1
Σ
mjδ
cjδ,mjδ z
jδ ,
(resp. fv(z
∗) =
r
Σ
jδ=1
Σ
mjδ
c∗jδ,mjδ
z∗jδ ) ,
according to section 4.2.3, in such a way that:
• each term cjδ,mjδ z
jδ (resp. c∗jδ,mjδ
z∗jδ ) is a complex-valued differentiable function on
the conjugacy class representative g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] );
• the coefficient cjδ,mjδ of fv(z) corresponds to the coefficient λ
1
2 (n, jδ, mjδ) of
ELLIPL(n, jδ, mjδ) according to sections 4.1.2 and 4.2.3.
The toroidal deformation of the conjugacy class representatives g
(n)
L [jδ, mjδ ] (resp.
g
(n)
R [jδ, mjδ ] ) into their toroidal equivalents g
(n)
TL
[jδ, mjδ ] (resp. g
(n)
TR
[jδ, mjδ ] ) is such that
the one-dimensional fibres of g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ), which are completions of
rank jδ  N , are transformed into semicircles, which are the fibres of g
(n)
TL
[jδ, mjδ ] (resp.
g
(n)
TR
[jδ, mjδ ] ) (see section 4.2.7).
So, the toroidal deformation of g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ) corresponds to the
mapping:
τ tor[jδ, mjδ ] : g
(n)
L [jδ, mjδ ] −−−→ g
(n)
TL
[jδ, mjδ ]
cjδ,mjδ z
jδ −−−→ λ
1
2 (n, jδ, mjδ) e
+2πijδx ,
on the [jδ, mjδ ]-th conjugacy class representative of G
(n)(F+v ) , sending cjδ,mjδ z
jδ into the
n-dimensional real semitorus λ
1
2 (n, jδ, mjδ) e
2πijδx .
By adding the toroidal deformations on all conjugacy class representatives g
(n)
R [jδ, mjδ ]⊗
g
(n)
L [jδ, mjδ ] of G
(n)(F+v × F
+
v ) , we get the searched one-to-one correspondence:
τ tor[F+v × F
+
v ] : ⊕
jδ,mjδ
(g
(n)
R [jδ, mjδ ]⊗ g
(n)
L [jδ, mjδ ]) −−−→ ⊕
jδ,mjδ
(g
(n)
TR
[jδ, mjδ ]⊗ g
(n)
TL
[jδ, mjδ ])
fv(z
∗)⊗ fv(z) −−−→ ELLIPR×L(n, jδ, mjδ) .
4.2.9 Proposition
Let
Irr hol(n)(θSOT (1)R ⊗ θSOT (1)L) : θSOT (1)R ⊗ θSOT (1)L −−−→ fvcov(z
∗
cov)⊗ fvcov(zcov)
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denote the global holomorphic representation of the covering bisemisheaf θSOT (1)R⊗θSOT (1)L
given by the holomorphic bifunction fvcov(z
∗
cov)⊗ fvcov(zcov) introduced in section 4.2.4.
Then, τ tor(Irr hol
(n)
θSOT (1)R×L
) , denoting the toroidal compactification of the global holo-
morphic representation of (θSOT (1)R⊗θSOT (1)L) , generates the corresponding partial elliptic
representation of the covering bisemisheaf (θSOT (1)TR ⊗ θSOT (1)TL ) according to:
Irr hol(n)

 θSOT (1)R
⊗ θSOT (1)L

 : θSOT (1)R
⊗ θSOT (1)L
fvcov(z
∗
cov)⊗ fvcov(zcov)
Irr ELLIPpart

 θSOT (1)TR
⊗ θSOT (1)TL

 : θSOT (1)TR
⊗ θSOT (1)TL
ELLIPpartR×L(n, jδ(cov) , mjδ(cov) )
τ tor Irr hol
(n)
θSOT (1)R×L
where:
ELLIPpartR×L(n, jδ(cov) , mjδ(cov) ) = ELLIP
part
R (n, jδ(cov) , mjδ(cov) )⊗ ELLIP
part
L (n, jδ(cov) , mjδ(cov) )
is the product, right by left, of n-dimensional real partial global elliptic semimodules given
by:
ELLIPpartL (n, jδ(cov) , mjδ(cov) ) =
r
⊕
jδ(cov)=1
⊕
mjδ(cov)
λ
1
2 (n, jδ(cov) , mjδ(cov) ) e
i·jδ(cov) ·x ,
i · jδcov · x ≤ π
ELLIPpartR (n, jδ(cov) , mjδ(cov) ) =
r
⊕
jδ(cov)=1
⊕
mjδ(cov)
λ
1
2 (n, jδ(cov) , mjδ(cov) ) e
−i·jδ(cov) ·x ,
with:
• x ∈ (F+
v1
(cov)
)n ;
• λ(n, jδ(cov) , mjδ(cov) ) defined as in section 4.2.8.
Proof. This can be proved similarly as it was done in proposition 4.2.8: that is to say that
the holomorphic representation of (θSOT (1)R⊗θSOT (1)L) , given by the covering holomorphic
bifunction fvcov(z
∗
cov)⊗ fvcov(zcov) , is in one-to-one correspondence with the global partial
elliptic bisemimodule ELLIPpartR×L(n, jδ(cov) , mjδ(cov) ) .
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The procedure is exactly the same as given in the proof of proposition 4.2.8. The only
difference lies in the fact that ELLIPpartR×L(n, jδ(cov) , mjδ(cov) ) is a global “partial” elliptic bi-
semimodule. This results from the fact that, under the toroidal deformation of the conju-
gacy class representatives covering g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ), the one-dimensional fi-
bres covering g
(n)
L [jδ, mjδ ] (resp. g
(n)
R [jδ, mjδ ] ) are completions of rank jδ(cov) N transformed
into incomplete semicircles covering the semicircles of g
(n)
TL
[jδ, mjδ ] (resp. g
(n)
TR
[jδ, mjδ ] ) hav-
ing ranks jδ N ≥ jδ(cov) N .
4.2.10 Proposition
On the bisemisheaf θ
G
(n)
R
⊗ θ
G
(n)
L
, affected by degenerate singularities, the following global
correspondences of Langlands, prolonging the global holomorphic correspondences of propo-
sition 4.2.6, are:
IrrRep
(n)
W
F
+
R×L
(W ab
F+
R
×W ab
F+
L
) Irr hol(n)(θ
G
(n)
R
⊗ θ
G
(n)
L
)
τ tor Irr hol
(n)
θGR×L
−−−−−−−−−−→ Irr ELLIP(θ
G
(n)
TR
⊗ θ
G
(n)
TL
)
θ
G
(n)
R
⊗ θ
G
(n)
L
fv(z
∗)⊗ fv(z) ELLIPR×L(n, jδ, mjδ)
θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
(θ∗
G
(n)
R
× θSR)⊗ (θ
∗
G
(n)
L
× θSL)
(θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
) ∪ (θ∗SOT (1)R ⊗ θ
∗
SOT (1)L
)
θ∗SOT (1)R ⊗ θ
∗
SOT (1)L
fvcov(z
∗
cov)⊗ fvcov(zcov) ELLIP
part
R×L(n, jδ(cov) , mjδ(cov) )
Irr Rep
(n)
WF cov
R×L
(W abF cov
R
×W abF cov
L
) −−−→ Irr hol
(n)(θSOT (1)R ⊗ θSOT ()L) Irr ELLIP
part(θSOT (1)TR ⊗ θSOT (1)TL )
ρGR
×ρGL
DSR×DSL
SOTmaxR ×SOT
max
L
ρ
(desing)
GR
×ρ
(desing)
GL
ρ
(desing)
SOT (1)R
×ρ
(desing)
SOT (1)L
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Proof. This diagram shows how the Langlands global correspondence of section 3.4 of
[Pie1] can be extended by considering degenerate singularities on the sections of the bisem-
isheaf θ
G
(n)
R
⊗ θ
G
(n)
L
on the bilinear algebraic semigroup G(n)(F+v × F
+
v ) constituting the
irreducible n-dimensional Weil-Deligne representation Irr Rep
(n)
W
F
+
R×L
(W ab
F+
R
× W ab
F+
L
) of the
bilinear global Weil group (W ab
F+v
×W ab
F+v
) .
So, let:
IrrRep
(n)
W
F
+
R×L
(W ab
F+R
×W ab
F+L
) Irr ELLIP(θ
G
(n)
TR
⊗ θ
G
(n)
TL
)
θ
G
(n)
R
⊗ θ
G
(n)
L
ELLIPR×L(n, jδ, mjδ)
be the irreducible Langlands global correspondence of section 3.4 of [Pie1] applied to the
free bisemisheaf θ
G
(n)
R
⊗ θ
G
(n)
L
.
The fact of considering:
1) a singularization (ρGR × ρGL) of (θG(n)R
⊗ θ
G
(n)
L
) ;
2) a versal deformation (DSR ×DSL) of the singular bisemisheaf (θ
∗
G
(n)
R
⊗ θ∗
G
(n)
L
) ;
3) a spreading-out (SOTmaxR ×SOT
max
L ) of the unfolded bisemisheaf (θ
∗
G
(n)
R
×θ∗SR)⊗(θ
∗
G
(n)
L
⊗
θ∗SL) generating the singular bisemisheaf (θ
∗
G
(n)
R
⊗ θ∗
G
(n)
L
) and the covering singular
bisemisheaf (θ∗SOT (1)R ⊗ θ
∗
SOT (1)L
) ;
4) a desingularization (ρ
(desing)
GR
× ρ
(desing)
GL
) of the bisemisheaf (θ∗
G
(n)
R
⊗ θ∗
G
(n)
L
) and a desin-
gularization (ρ
(desing)
GR
× ρ
(desing)
GL
) of the covering bisemisheaf (θ∗SOT (1)R ⊗ θ
∗
SOT (1)L
)
allows to recover the desingularized original bisemisheaf θ
G
(n)
R
⊗ θ
G
(n)
L
, to which the above
mentioned Langlands global correspondence can be reformulated, and an additional desin-
gularized covering bisemisheaf (θ∗SOT (1)R⊗θ
∗
SOT (1)L
) to which the following Langlands global
correspondence can be stated:
IrrRep
(n)
WF cov
R×L
(W abF covR ×W
ab
F covL
) Irr ELLIPpart(θSOT (1)R ⊗ θSOT (1)L)
θSOT (1)R ⊗ θSOT (1)L ELLIP
part
R×L(n, jδ(cov) , mjδ(cov) )
where:
• IrrRep
(n)
WF cov
R×L
(W abF cov
R
×W abF cov
L
) is the sum of products, right by left, of the equivalence
classes of the irreducible n-dimensional Weil-Deligne representation of the covering
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bilinear global Weil group (W abF covR ×W
ab
F covL
) given by the covering bisemisheaf θSOT (1)R⊗
θSOT (1)L ;
• Irr ELLIP(θSOT (1)R ⊗ θSOT (1)L) is the sum of the products, right by left, of the equiv-
alence classes of the irreducible elliptic representation of the covering bisemisheaf
(θSOT (1)R ⊗ θSOT (1)L) , given by the n-dimensional “partial” global elliptic bisemimo-
dule ELLIPpartR×L(n, jδ(cov) , mjδ(cov) ) .
4.2.11 Langlands reducible global correspondences on bisemisheaves over re-
ducible bilinear algebraic semigroups affected by degenerate singular-
ities
The correspondences considered here can be worked out similarly as it was done in chapter
4 fo [Pie1], and, more particularly, in proposition 4.2.14.
So, on the basis of this proposition 4.2.14 of [Pie1], Langlands reducible global corre-
spondences can be developed as it was done in the diagram of the preceding proposition
4.2.10 by taking into account that:
1) To each irreducible representation of a reducible bilinear algebraic semigroup, a dia-
gram of Langlands global correspondence can be established as in proposition 4.2.10.
2) The bisemisheaves on the irreducible representations, decomposing the reducible rep-
resentations of a bilinear algebraic semigroup, generate each one:
a) a Langlands global correspondence on the original desingularized bisemisheaf;
b) a Langlands global correspondence on the covering desingularized bisemisheaf,
generated from the original bisemisheaf submitted to versal deformation and
spreading-out morphism.
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5 Langlands global correspondences over monodromy
In this chapter, the monodromy [Ebe1], [Ebe2], [Gro], [Gri] of (isolated) singularities on the
(bisemi)sheaf of differentiable (bi)functions on the complex bilinear algebraic semigroup
G(n)(Fω × Fω) is analysed and the Langlands global correspondences on the non singular
fibres generated by monodromy are developed in the irreducible and reducible cases.
5.1 The monodromy of isolated singularities on irreducible com-
plex semisheaves θC
G
(n)
L,R
5.1.1 Complex semisheaves on complex algebraic semigroups
As the Picard-Lefschetz theory is the complex analogue of Morse theory [Del3], [H-Z], our
attention will be focused on singularities on the complex-valued differentiable functions
φ
(n)
G
(C )
L
(zgL) (resp. cofunctions φ
(n)
G
(C )
R
(zgR) ) on the left (resp. right) complex linear algebraic
semigroup G(n)(Fω) (resp. G
(n)(Fω) ), taking into account the inclusion G
(n)(F+v ×F
+
v ) →֒
G(n)(Fω×Fω) of the real bilinear algebraic semigroup G
(n)(F+v ×F
+
v ) into the corresponding
complex equivalent G(n)(Fω × Fω) according to section 1.9.
These complex-valued differentiable functions φ
(n)
G
(C )
L
(zgL) (resp. cofunctions φ
(n)
G
(C )
R
(zgR) )
are the sections φ
(n)
G
(C )
jL
(zgjL ) (resp. φ
(n)
G
(C )
jR
(zgjR ) ), 1 ≤ j ≤ r ≤ ∞ , of a left (resp. right) sem-
isheaf θ
(C )
G
(n)
L
(resp. θ
(C )
G
(n)
R
) on the corresponding conjugacy class representatives g
(n)
L [j,mj ]
(resp. g
(n)
R [j,mj ] ) of the complex linear algebraic semigroup G
(n)(Fω) ≡ Tn(Fω) (resp.
G(n)(Fω) ≡ T
t
n(Fω) ).
5.1.2 Monodromy in expanding phase
Remark that the singularisations and the versal deformations, developed in chapter 2, were
envisaged in a contracting phase in the sense that:
1) the singularisation of a regular f -scheme is a contracting surjective morphism (see
proposition 2.1.6).
2) the versal deformation of a semisheaf can be described as a contracting fibre bundle
according to propositions 2.2.5 and 2.2.6.
And, the spreading-out, introduced as the blow-up of the versal deformation in section
3.1, also occurs naturally in a contracting phase, but the projective map of the tangent
bundle on the disconnected base semisheaves has to be viewed as an expanding morphism. . .
of blow-up (see section 3.1.15).
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The contracting phase of a manifold reflects the fact that its submanifolds become
closer and closer with respect to a fixed measure.
The monodromy, studied in this chapter, arises in an expanding phase as it will be
justified in the following.
This expanding phase, reflecting the expansion of the submanifolds of a given manifold
with respect to a fixed measure, is assumed to generate locally contracting surjective
morphisms of singularisations as introduced in section 2.1.
5.1.3 Types of singularities
• Let φ
(n)
G
(C )
jL
(zgjL ) (resp. φ
(n)
G
(C )
jR
(zgjR ) ) be, as complex-valued differentiable function, a
j-th section representative of the left (resp. right) semisheaf θ
(C )
G
(n)
L
(resp. θ
(C )
G
(n)
R
).
• φ
(n)
G
(C )
jL
(zgjL ) (resp. φ
(n)
G
(C )
jR
(zgjR ) ), submitted locally to contracting surjective mor-
phism(s) of singularisation(s), can be:
a) either a Morse function, i.e. a function having a non-degenerate singular point
at zero where a local coordinate system (z1, · · · , zn) in (C
n, 0) exists for which:
φ
(n)
G
(C )
jL
(z1, · · · , zn) =
n
Σ
i=1
z2i (resp. φ
(n)
G
(C )
jR
(z∗1 , · · · , z
∗
n) =
n
Σ
i=1
(z∗i )
2 );
b) or a function having a degenerate singular point [Cam1], [Cam2] of type Ak , Dk ,
E6 , E7 or E8 , as mentioned in section 2.19. In (C
n, 0) ≈ (R 2n, 0) , a local real
coordinate system (x1, · · · , x2n) can be found for which (case Ak ):
φ
(2n)
G
(R )
jL
(x1Lj , · · · , x2nLj ) = x
k+1
1Lj
+
2n
Σ
i=2
x2iLj
(resp. φ
(2n)
G
(R )
jR
(x1Rj , · · · , x2nRj ) = x
k+1
1Rj
+
2n
Σ
i=2
x2iRj
), xiR = −xiL .
A small deformation (for example, of versal type) allows to split up a compound
singular point generally into simpler ones.
For instance, a small deformation of the function
φ
(2n)
G
(R )
jL
(x1Lj , · · · , x2nLj ) = x
k+1
1Lj
+
2n
Σ
i=2
x2iLj
allows to transform it into:
φ˜
(2n)
G
(R )
jL
(x1Lj , · · · , x2nLj ) = φ
(2n)
G
(R )
jL
(x1Lj , · · · , x2nLj )− ε x1Lj ;
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this is a function having k singular points [H-Z], generally simpler than the original
one.
• All the sections of the left (resp. right) semisheaf θ
(C )
G
(n)
L
(resp. θ
(C )
G
(n)
R
), localized in some
open ball, are assumed to be affected by the same kind of external perturbations, and,
thus, by the same kind of singularities.
• Assume, on the other hand, that, instead of considering only the semisheaf θ
(C )
G
(n)
L
(resp.
θ
(C )
G
(n)
R
), we have this semisheaf θ
(C )
G
(n)
L
(resp. θ
(C )
G
(n)
R
) covered by one or several semisheaves
{θ∗SOT (1)L , θ
∗
SOT (2)L
} (resp. {θ∗SOT (1)R , θ
∗
SOT (2)R
} ) due to the versal deformations and
spreading-out isomorphisms as described precedingly and especially in section 4.1.5.
Then, we can state the following lemma.
5.1.4 Lemma
The monodromy on the sections of the semisheaf θ
(C )
G
(n)
L
(resp. θ
(C )
G
(n)
R
), covered partially by
semisheaves generated by spreading-out isomorphisms, can not occur before the blow-up of
these covering semisheaves.
Proof. The monodromy arises only in an expanding phase, i.e. in a phase whose
distance between objects increases. So, as the semisheaves {θ∗SOT (1)L , θ
∗
SOT (2)L
} (resp.
{θ∗SOT (1)R , θ
∗
SOT (2)R
} ), generated by blow-up of the versal deformations, cover only par-
tially by patches the semisheaf θ
(C )
G
(n)
L
(resp. θ
(C )
G
(n)
R
), the expanding phase gives rise to:
a) a blow-up of the covering semisheaves {θ∗SOT (1)L , θ
∗
SOT (2)L
} (resp. {θ∗SOT (1)R , θ
∗
SOT (2)R
} )
disconnecting them completely from θ
(C )
G
(n)
L
(resp. θ
(C )
G
(n)
R
).
b) contracting surjective morphisms of singularisations due to the strong perturbation
of the expanding phase.
c) monodromy groups on the sections φ
∗(n)
G
(C )
jL
(resp. φ
∗(n)
G
(C )
jR
) of the semisheaf θ
(C )
G
(n)
L
(resp.
θ
(C )
G
(n)
R
).
5.1.5 Monodromy for non degenerate singularities of corank 2n
• Assume that each section φ
(2n)
G
(R )
jL
(x1Lj , · · · , x2nLj ) (resp. φ
(2n)
G
(R )
jR
(x1Rj , · · · , x2nRj ) ) of the
semisheaf θ
(R )
G
(n)
L
(resp. θ
(R )
G
(n)
R
) is a Morse function, i.e. a function affected by an
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isolated non degenerate singularity on a domain UjL (resp. UjR ) included into the
conjugacy class representative g
(n)
L [j,mj ] (resp. g
(n)
R [j,mj ] ). Then, on the domain(s)
UjL ⊂ g
(n)
L [j,mj ] (resp. UjR ⊂ g
(n)
R [j,mj ] ), φ
(2n)
G
(R )
jL
(UjL) (resp. φ
(2n)
G
(R )
jR
(UjR) ) is described
locally by:
φ
(2n)
G
(R )
jL
(UjL) =
2n
Σ
i=1
x2iLj
(resp. φ
(2n)
G
(R )
jR
(UjR) =
2n
Σ
i=1
x2iRj
).
• The critical level set of φ
(2n)
G
(R )
jL
(UjL) (resp. φ
(2n)
G
(R )
jR
(UjR) ) is the singular fibre F
(2n−1)
0jL
(resp. F
(2n−1)
0jR
) given by
φ
(2n)
G
(R )
jL
(UjL) =
2n
Σ
i=1
x2iLj
= 0 (resp. φ
(2n)
G
(R )
jR
(UjR) =
2n
Σ
i=1
x2iRj
= 0 ).
• The non-singular fibres F (2n−1)λjL
(resp. F
(2n−1)
λjR
) of φ
(2n)
G
(R )
jL
(resp. φ
(2n)
G
(R )
jR
) are diffeomor-
phic to the space TS2n−1Lj (resp. TS
2n−1
Rj
) of the tangent bundle to a sphere S2n−1Lj
(resp. S2n−1Rj ) of real dimension (2n− 1) and radius rLj = 1 (resp. rRj = 1 ).
The non-singular fibres F
(2n−1)
λjL
(resp. F
(2n−1)
λjR
) are thus diffeomorphic to:
TS2n−1Lj = {(x1Lj , · · · , x2nLj ) | x
2
1Lj
+ · · ·+ x22nLj
= λLj}
(resp. TS2n−1Rj = {(x1Rj , · · · , x2nRj ) | x
2
1Rj
+ · · ·+ x22nRj
= λRj} )
while the sphere
S2n−1Lj = {(x1Lj , · · · , x2nLj ) | x
2
1Lj
+ · · ·+ x22nLj
= 1}
(resp. S2n−1Rj = {(x1Rj , · · · , x2nRj ) | x
2
1Rj
+ · · ·+ x22nRj
= 1} )
is diffeomorphic to the vanishing cycle ∆
(2n−1)
Lj
⊂ F
(2n−1)
λLj
(resp. ∆
(2n−1)
Rj
⊂ F
(2n−1)
λRj
).
• As the vanishing cycle ∆
(2n−1)
Lj
(resp. ∆
(2n−1)
Rj
) is diffeomorphic to the unit sphere
S2n−1Lj (resp. S
2n−1
Rj
), it must correspond to a function φ
(2n−1)
PLj
(xpjL )
(resp. φ
(2n−1)
PRj
(xpjR ) ) on the left (resp. right) real conjugacy class representative
P (2n−1)(F+
v1j,mj
) (resp. P (2n−1)(F+
v1j,mj
) ) of the left (resp. right) linear parabolic sub-
group P (2n−1)(F+v1) (resp. P
(2n−1)(F+
v1
) ). Indeed, according to [Pie1], the bilinear
parabolic affine subsemigroup P (2n−1)(F+
v1
×F+v1) can be considered as the unitary ir-
reducible representation (space) of the algebraic bilinear semigroup GL2n−1(F
+
v ×F
+
v ) .
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• Let γjL : [0, 1] → ∆
(2n−1)
Lj
(resp. γjR : [0, 1] → ∆
(2n−1)
Rj
) be a closed loop on the
vanishing cycle ∆
(2n−1)
Lj
(resp. ∆
(2n−1)
Rj
).
5.1.6 Proposition
Let (φ
(2n)
G
(R )
jL
(UjL), F
(2n−1)
0jL
, F
(2n−1)
λjL
,∆
(2n−1)
Lj
, γjL) (resp. (φ
(2n)
G
(R )
jR
(UjR), F
(2n−1)
0jR
, F
(2n−1)
λjR
,∆
(2n−1)
Rj
,
γjR) ) be the 5-th tuple introduced in section 5.1.5.
Then, the mapping
hγjL : F
(2n−1)
λjL
−−−→ F
(2n−1)
λjL
(resp. hγjR : F
(2n−1)
λjR
−−−→ F
(2n−1)
λjR
)
of the non-singular fibre F
(2n−1)
λjL
(resp. F
(2n−1)
λjR
) into itself is the monodromy of the closed
loop γjL (resp. γjR ) realized by the conjugation action of the j-th conjugacy class repre-
sentative of the restricted linear algebraic semigroup G(2n−1)(F+resvj ) (resp. G
(2n−1)(F+resvj ) )
on the j-th conjugacy class representative of the linear parabolic subsemigroup P (2n−1)(F+
v1j
)
(resp. P (2n−1)(F+
v1j
) ) where F+resvj (resp. F
+res
vj
) is the j-th real completion restricted to the
domain UjL (resp. UjR ).
Proof.
1) The monodromy hγjL (resp. hγjR ) is associated with an injective mapping
I∆Lj→FλjL
: ∆
(2n−1)
Lj −−−→ F
(2n−1)
λjL
(resp. I∆Rj→FλjR
: ∆
(2n−1)
Rj −−−→ F
(2n−1)
λjR
)
inflating the vanishing cycle ∆
(2n−1)
Lj
(resp. ∆
(2n−1)
Rj
) into the non-singular fibre F
(2n−1)
λjL
(resp. F
(2n−1)
λjR
). This injective mapping I∆Lj→FλjL
(resp. I∆Rj→FλjR
) is in one-to-one
correspondence with the injective mapping
IS2n−1Lj →TS
2n−1
Lj
: S2n−1Lj −−−→ TS
2n−1
Lj
(resp. IS2n−1Rj →TS
2n−1
Rj
: S2n−1Rj −−−→ TS
2n−1
Rj
),
i.e. the inverse of the projective mapping of the tangent bundle introduced in section
5.1.5.
IS2n−1Lj →TS
2n−1
Lj
(resp. IS2n−1Rj →TS
2n−1
Rj
) then inflates the sphere S2n−1Lj (resp. S
2n−1
Rj
),
diffeomorphic to the vanishing cycle ∆
(2n−1)
Lj
(resp. ∆
(2n−1)
Rj
), into TS2n−1Lj (resp.
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TS2n−1Rj ), diffeomorphic to the non-singular fibre F
(2n−1)
λjL
(resp. F
(2n−1)
λjR
), in such a
way that the following diagram:
∆
2n−1)
Lj
−−−−−−−→
I∆Lj→FλjL
F
(2n−1)
λjL
≀
y ≀y
S2n−1Lj −−−−−−−−−−→
I
S
2n−1
Lj
→TS2n−1
Lj
TS2n−1Lj
be commutative.
2) This injective mapping I∆Lj→FλjL
(resp. I∆Rj→FλjR
) corresponds to the conjugation
action of the j-th conjugacy class representative G(2n−1)(F
+(res)
vj ) (resp. G
(2n−1)(F
+(res)
vj
) )
of G(2n−1)(F
+(res)
v ) (resp. G(2n−1)(F
+(res)
v ) ) on the j-th conjugacy class represen-
tative P (2n−1)(F+
v1j
) (resp. P (2n−1)(F+
v1j
) ) of the linear parabolic subsemigroup, as
developed in [Pie1], since the linear parabolic subsemigroup P (2n−1)(F
+(res)
v1 ) (resp.
P (2n−1)(F
+(res)
v1
) ) can be considered as the unitary irreducible representation space of
GL2n−1(F
+(res)
v ) (resp. GL2n−1(F
+(res)
v ) ).
3) The set of non-singular fibres F
(2n−1)
λjL
(t) (resp. F
(2n−1)
λjR
(t) ), t ∈ [0, 1] of γjL (resp.
γjR ), generates a sheaf FF (2n−1)
λjL
(resp. F
F
(2n−1)
λjR
) on the etale sites above UjL (resp.
UjR ) [Del1], [Del2].
5.1.7 Proposition
The injective mapping
I∆Lj→FλjL
: ∆
(2n−1)
Lj −−−→ F
(2n−1)
λjL
(resp. I∆Rj→FλjR
: ∆
(2n−1)
Rj −−−→ F
(2n−1)
λjR
),
being the inverse of the projective mapping of the tangent bundle TBjL(∆
(2n−1)
Lj
, F
(2n−1)
λjL
,
I−1∆Lj→FλjL
) (resp. TBjR(∆
(2n−1)
Rj
, F
(2n−1)
λjR
, I−1∆Rj→FλjR
) ), is such that:
1) the vanishing cycle ∆
(2n−1)
Lj
(resp. ∆
(2n−1)
Rj
) is characterized by a rank r
∆
(2n−1)
j
=
N2n−1 .
2) the non-singular fibre F
(2n−1)
λjL
(resp. F
(2n−1)
λjR
) is characterized by a rank r
F
(2n−1)
λj
≤
(j N)2n−1 .
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3) the fibre FI∆Lj→FλjL
(resp. FI∆Rj→FλjR
) of the tangent bungle TBjL (resp. TBjR ) has
a rank rFI∆Lj→FλjL
verifying:
rFI∆Lj→FλjL
≤ (j N)2n−1 .
Proof.
1) According to section 5.1.5, the vanishing cycle ∆
(2n−1)
Lj
(resp. ∆
(2n−1)
Rj
) is a function on
the j-th conjugacy class representative of the parabolic subgroup P (2n−1)(F+v1) (resp.
P (2n−1)(F+
v1
) ). So we have that its rank is given by [Pie1]:
r
∆
(2n−1)
Lj
= N2n−1 .
2) As F
(2n−1)
λjL
(resp. F
(2n−1)
λjR
) is a non-singular fibre above the j-th conjugacy class repre-
sentative of the linear algebraic semigroup G(n)(F+v ) (resp. G
(n)(F+v ) ) characterized
by a rank:
rg(n)[j,mj ] = (j N)
2n
and as F
(2n−1)
λjL
(resp. F
(2n−1)
λjR
) results from an inflation mapping from the vanishing
cycle ∆
(2n−1)
Lj
(resp. ∆
(2n−1)
Rj
) in such a way that the inflation of F
(2n−1)
λjL
(resp. F
(2n−1)
λjR
)
from ∆
(2n−1)
Lj
(resp. ∆
(2n−1)
Rj
) is proportional to the conjugacy action of the j-th
conjugacy class representative g
(n)
L [j,mj ] ∈ G
(n)(F+v ) (resp. g
(n)
R [j,mj ] ∈ G
(n)(F+v ) )
with respect to the j-th conjugacy class representative of the parabolic subgroup
P (2n)(F+v1) (resp. P
(2n)(F+
v1
) ), we have that:
r
F
(2n−1)
λj
≤ (j N)2n−1
since (j N)2n is the rank of g
(n)
L [j,mj ] (resp. g
(n)
R [j,mj ] ).
5.1.8 Definition: Monodromy operator [Ber1], [Ber2], [Chm]
If we have that
hγ∗jL
: H2n−1(FF (2n−1)
λjL
;Z ) −−−→ H2n−1(FF (2n−1)
λjL
;Z )
(resp. hγ∗jR
: H2n−1(FF (2n−1)
λjR
;Z ) −−−→ H2n−1(FF (2n−1)
λjR
;Z ) ),
the action hγ∗jL
(resp. hγ∗jR
) of hγjL (resp. hγjR ) in the homology group H2n−1(FF (2n−1)λjL
;Z )
(resp. H2n−1(FF (2n−1)
λjR
;Z ) ) of the sheaf F
F
(2n−1)
λjL
(resp. F
F
(2n−1)
λjR
) of non-singular fibres
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F
(2n−1)
λjL
(t) (resp. F
(2n−1)
λjR
(t) ), is the monodromy operator of the closed loop γjL (resp.
γjL ) [H-Z].
Indeed, the homology group H2n−1(FF (2n−1)
λjL
;Z ) (resp. H2n−1(FF (2n−1)
λjR
;Z ) ) is generated
by the homology class of the vanishing cycle ∆
(2n−1)
Lj
(resp. ∆
(2n−1)
Rj
) [H-Z].
5.1.9 Definition: The surjective mapping
The surjective mapping
rFλjL→F0jL
: F
(2n−1)
λjL
(t) −−−→ F
(2n−1)
0jL
, 0 ≤ t ≤ 1
(resp. rFλjR→F0jR
: F
(2n−1)
λjR
(t) −−−→ F
(2n−1)
0jR
)
of the non-singular fibre(s) F
(2n−1)
λjL
(t) (resp. F
(2n−1)
λjR
(t) ) into the singular fibre F
(2n−1)
0jL
(resp. F
(2n−1)
0jR
) is the retraction of the monodromy.
5.1.10 Monodromy for degenerate singularities
If a degenerate singularity (for example of type Ak (see section 5.1.3)) decomposes by
deformation into k elementary non degenerate singular points, the single monodromy en-
visaged in the case of a unique non degenerate singularity, becomes a monodromy group
where the loop γjL (resp. γjR ) runs through the fundamental group Π1(VjL − {ωiL}, x0L)
(resp. Π1(VjR − {ωiR}, x0R) ) of the complementary of the set of critical values ωiL(resp.
ωiR ), 1 ≤ i ≤ k , where:
• VjL (resp. VjR ) is a compact domain in C included into UjL (resp. UjR );
• γjL(0) = γjL(1) = x0L (resp. γjR(0) = γjR(1) = x0R ).
The complementary of the set of critical values in VjL (resp. VjR ) is a loop beginning
and ending at x0L (resp. x0R ) and passing round the critical values ωiL (resp. ωiR ).
The domain VjL (resp. VjR ) without the k critical values {ωiL | i = 1, · · · , k} (resp.
{ωiR | i = 1, · · · , k} ) of φ
(2n)
G
(R )
jL
(xiL) (resp. φ
(2n)
G
(R )
jR
(xiR) ) is homotopically equivalent to
a bunch of k circles. So, the fundamental group Π1(VjL − {ωiL}, x0L) (resp. Π1(VjR −
{ωiR}, x0R) ) is a free group at k generators.
If {viL | i = 1, · · · , k} (resp. {viR | i = 1, · · · , k} ) is a set of paths defining a
set of vanishing cycles ∆
(2n−1)
iLj
∈ H2n−1(FF (2n−1)iλjL
) (resp. ∆
(2n−1)
iRj
∈ H2n−1(FF (2n−1)iλjR
) ),
1 ≤ i ≤ k , then the fundamental group Π1(VjL −{ωiL}, x0L) (resp. Π1(VjR −{ωiR}, x0R) )
is generated by the simple loops γ1jL , · · · , γkjL (resp. γ1jR , · · · , γkjR ) associated with the
paths v1L , · · · , vkL (resp. v1R , · · · , vkR ).
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The monodromy group of φ
(2n)
G
(R )
jL
(UjL) (resp. φ
(2n)
G
(R )
jR
(UjR) ) is the image of the homo-
morphism of the fundamental group Π1(VjL − {ωiL}, x0L) (resp. Π1(VjR − {ωiR}, x0R) )
into the group Aut(H2n−1(FF (2n−1)iλjL
)) (resp. Aut(H2n−1(FF (2n−1)iλjR
)) ) of automorphisms of
H2n−1(FF (2n−1)iλjL
) (resp. H2n−1(FF (2n−1)iλjR
) ) which associate with the loop γijL (resp. γijR )
the monodromy operator:
hγ∗ijL
: H2n−1(FF (2n−1)iλjL
;Z ) −−−→ H2n−1(FF (2n−1)iλjL
;Z )
(resp. hγ∗ijR
: H2n−1(FF (2n−1)iλjR
;Z ) −−−→ H2n−1(FF (2n−1)iλjR
;Z ) ),
where F
F
(2n−1)
iλjL
(resp. F
F
(2n−1)
iλjR
) is the i-th sheaf of non-singular fibres F
(2n−1)
iλjL
(t) (resp.
F
(2n−1)
iλjR
(t) ).
As developed in [Pie1] and in proposition 5.1.6,
Aut(H2n−1(FF (2n−1)iλjL
)) = Aut(∆
(2n−1)
iLj
) ≃ Aut(P (2n−1)(F+
v1j
))
(resp. Aut(H2n−1(FF (2n−1)iλjR
)) = Aut(∆
(2n−1)
iRj
) ≃ Aut(P (2n−1)(F+
v1j
)) )
where Aut(P (2n−1)(F+
v1j
)) (resp. Aut(P (2n−1)(F+
v1j
)) ) is the group of Galois automorphisms
of the linear parabolic subsemigroup P (2n−1)(F+
v1j
) (resp. P (2n−1)(F+
v1j
) ) on the j-th irre-
ducible completion F+
v1j
(resp. F+
v1j
) of rank N .
5.1.11 Monodromy for a set of non degenerate singularities
The monodromy, envisaged in section 5.1.9 for a degenerate singularity splitting up into
elementary non degenerate singularities, is also valid for a set of critical points ωiL (resp.
ωiR ), 1 ≤ i ≤ k , of φ
(2n)
G
(R )
jL
(ωiL) (resp. φ
(2n)
G
(R )
jR
(ωiR) ) which are not degenerated and such
that their critical values ωiL (resp. ωiR ) are distinct.
Then, we can state the following proposition.
5.1.12 Proposition
Assume that every section φ
(2n)
G
(R )
jL
(UjL) (resp. φ
(2n)
G
(R )
jR
(UjR) ) of the semisheaf θ
(R )
G
(2n)
L
(resp.
θ
(R )
G
(2n)
R
), 1 ≤ j ≤ r ≤ ∞ , is endowed with a set of k non degenerate singularities ωiL (resp.
ωiR ), 1 ≤ i ≤ k , on the domain UjL (resp. UjR ).
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Let (φ
(2n)
G
(R )
jL
(UjL), F
(2n−1)
i0jL
,F
F
(2n−1)
iλjL
,∆
(2n−1)
iLj
, γijL ) (resp. (φ
(2n)
G
(R )
jR
(UjR), F
(2n−1)
i0jR
,F
F
(2n−1)
iλjR
,
∆
(2n−1)
iRj
, γijR ) ) be the i-th 5-tuple associated with the i-th singularity on the j-th section of
θ
(R )
G
(2n)
L
(resp. θ
(R )
G
(2n)
R
), as introduced in proposition 5.1.6.
Then, the i mappings:
hγijL
: F
(2n−1)
iλjL
−−−→ F
(2n−1)
iλjL
, 1 ≤ i ≤ k ,
(resp. hγijR
: F
(2n−1)
iλjR
−−−→ F
(2n−1)
iλjr
)
of the non-singular fibres F
(2n−1)
iλjL
(resp. F
(2n−1)
iλjR
) into themselves, associated with the “ i ”
non degenerate singularities ωiL (resp. ωiR ):
1) are the monodromies of the closed loops γijL (resp. γijR );
2) generate the sheaves F
F
(2n−1)
iλjL
(resp. F
F
(2n−1)
iλjR
) of non singular fibres F
(2n−1)
iλjL
(t) (resp.
F
(2n−1)
iλjR
(t) ) on the etale sites UjL (resp. UjR );
3) are associated with the injective mappings:
I∆iLj→FiλjL
: ∆
(2n−1)
iLj
−−−→ F
(2n−1)
iλjL
(t)
(resp. I∆iRj→FiλjR
: ∆
(2n−1)
iRj
−−−→ F
(2n−1)
iλjR
(t) )
inflating the vanishing cycles ∆
(2n−1)
iLj
(resp. ∆
(2n−1)
iRj
) into the non-singular fibres
F
(2n−1)
iλjL
(t) (resp. F
(2n−1)
iλjR
(t) ) and being in one-to-one correspondence with the corre-
sponding injective mappings:
IS2n−1iLj
→TS2n−1iLj
: S2n−1iLj −−−→
TS2n−1iLj
(resp. IS2n−1iRj
→TS2n−1iRj
: S2n−1iRj −−−→
TS2n−1iRj
);
4) result from the monodromy operators:
hγ∗ijL
: H2n−1(FF (2n−1)iλjL
) −−−→ H2n−1(FF (2n−1)iλjL
)
(resp.hγ∗ijR
: H2n−1(FF (2n−1)iλjR
) −−−→ H2n−1(FF (2n−1)iλjR
) )
on the vanishing cycles H2n−1(FF (2n−1)iλjL
) ≡ ∆
(2n−1)
iLj
(resp. H2n−1(FF (2n−1)iλjR
) ≡ ∆
(2n−1)
iRj
).
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5.1.13 Monodromy sheaves above θ
(R )
G
(2n)
L
(resp. θ
(R )
G
(2n)
R
)
Let θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
be the bisemisheaf on the bilinear affine semigroup G(2n)(F+v × F
+
v ) .
If every section of θ
(R )
G
(2n)
L
(resp. θ
(R )
G
(2n)
R
) is endowed with k isolated non degenerate
singularities, then the set of bisheaves {F
F
(2n−1)
iλjR
⊗ F
F
(2n−1)
iλjL
}ki=1 of non singular bifibres
F
(2n−1)
iλjR
(t) ⊗ F
(2n−1)
iλjL
(t) are generated by monodromy above every bisection φ
(2n)
G
(R )
jR
(UjR) ⊗
φ
(2n)
G
(R )
jL
(UjL) of (θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
) .
Let F
F
(2n−1)
iλjL
(resp. F
F
(2n−1)
iλjR
) be the sheaf of non-singular fibres of the monodromy of
the closed loop γijL (resp. γijR ) associated with the i-th singularity on the j-th section of
θ
(R )
G
(2n)
L
(resp. θ
(R )
G
(2n)
R
).
Consider that there are bi , bi ∈ IN , non-singular fibres in the sheaf FF (2n−1)iλjL
(resp.
F
F
(2n−1)
iλjR
).
As it was assumed that all the sections of θ
(R )
G
(2n)
L
(resp. θ
(R )
G
(2n)
R
) are endowed with the same
kind of k isolated non degenerate singularities, bi sheaves FF (2n−1)iλL
(βi) (resp. FF (2n−1)iλR
(βi) ),
1 ≤ βi ≤ bi , whose sections are the non-singular fibres above the sections of θ
(R )
G
(2n)
L
(resp.
θ
(R )
G
(2n)
R
), can be envisaged as generated by monodromy from the i-th singularities on all the
sections of θ
(R )
G
(2n)
L
(resp. θ
(R )
G
(2n)
R
).
So, above the i-th singularity on all the sections of θ
(R )
G
(2n)
L
(resp. θ
(R )
G
(2n)
R
), a set
{F
F
(2n−1)
iλL
(βi)}
bi
βi=1
(resp. {F
F
(2n−1)
iλR
(βi)}
bi
βi=1
) of bi monodromy sheaves are generated and,
above the set of i singularities on all the sections of θ
(R )
G
(2n)
L
(resp. θ
(R )
G
(2n)
R
), a set of i × bi
monodromy sheaves can be constructed above θ
(R )
G
(2n)
L
(resp. θ
(R )
G
(2n)
R
).
Let F
F
(2n−1)
iλL
(βi) (resp. FF (2n−1)iλR
(βi) ) be the βi-th monodromy sheaf, generated from
the i-th singularity on all the sections of θ
(R )
G
(2n)
L
(resp. θ
(R )
G
(2n)
R
).
The sections of F
F
(2n−1)
iλL
(βi) (resp. FF (2n−1)iλR
(βi) ) are in one-to-one correspondence with
the conjugacy class representatives of G
(2n)
L (F
+
v ) (resp. G
(2n)
L (F
+
v ) ): they are thus labelled
by the pairs of integers (j,mj) , 1 ≤ j ≤ r ≤ ∞ , and their ranks verify:
r
F
(2n−1)
iλj
≤ (j N)2n−1 ,
according to proposition 5.1.7, F
(2n−1)
iλjL
(βi) ∈ FF (2n−1)iλL
(βi) (resp. F
(2n−1)
iλjR
(βi) ∈ FF (2n−1)iλR
(βi) )
being the j-th section.
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5.1.14 Proposition
Let θ
(R )
G
(2n)
R
× θ(R )
G
(2n)
L
be the bisemisheaf on G(2n)(F+v × F
+
v ) such that its linear sections are
endowed with k isolated non-degenerate singularities of the same type.
Let {F
F
(2n−1)
iλR
(βi) ⊗ FF (2n−1)iλL
(βi)}i,βi, 1 ≤ i ≤ k , 1 ≤ βi ≤ bi , be the set of k × bi
monodromy bi(semi)sheaves above θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
according to section 5.1.13.
Then, it results that:
1) a global holomorphic representation Irr hol(2n)(θ
(R )
G
(2n)
R
⊗θ
(R )
G
(2n)
L
) of the bisemisheaf θ
(R )
G
(2n)
R
⊗
θ
(R )
G
(2n)
L
is given by the morphism::
Irr hol
(2n)
θ
(R )
GR×L
: θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
−−−→ fv(z
∗)⊗ fv(z)
where fv(z
∗)⊗fv(z) is the holomorphic bifunction getting by gluing together and adding
the bisections of the desingularized bisemisheaf θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
.
2) k × bi global holomorphic representations
Irr hol
(2n−1)
F
F
(2n−1)
iλR×L
: F
F
(2n−1)
iλR
(βi)⊗FF (2n−1)iλL
(βi) −−−→ fvmon(z
∗
βi
)⊗ fvmon(zβi) ,
∀ 1 ≤ i ≤ k , 1 ≤ βi ≤ bi
of the monodromy bisemisheaves F
F
(2n−1)
iλR
(βi)⊗ FF (2n−1)iλL
(βi) can be stated
where fvmon(z
∗
βi
)⊗fvmon(zβi) is the (i, βi)-th holomorphic bifunction obtained by gluing
and adding the sections of F
F
(2n−1)
iλR
(βi)⊗ FF (2n−1)iλL
(βi) .
Proof.
1) If the bisemisheaf θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
is desingularized, then a 2n-dimensional irreducible
global holomorphic representation can be envisaged for it, as it was done in section
4.2.3, in the sense that a multiple power series development fv(z
∗) ⊗ fv(z) can be
associated to it where
fv(z) = Σ
j,mj
cj,mj(z1 − z01)
j · · · (z2n − z02n)
j
(resp. fv(z
∗) = Σ
j,mj
c∗j,mj(z
∗
1 − z
∗
01)
j · · · (z∗2n − z
∗
02n)
j )
with:
• z1, z0n, · · · , z2n, z02n are complex functions of one real variable;
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• cj,mj is in one-to-one correspondence with the product of the square roots of the
eigenvalues of the (j,mj)-th coset representative Uj,mjR × Uj,mjL of the product
of Hecke operators;
• the sum Σ
j,mj
runs over the conjugacy class representatives of G
(2n)
L (resp. G
(2n)
R )
which are glued together.
2) Assume that the sections F
(2n−1)
iλjL
(βi) (resp. F
(2n−1)
iλjR
(βi) ) of the monodromy sheaf
F
F
(2n−1)
iλL
(βi) (resp. FF (2n−1)iλR
(βi) ) have ranks given by rF (2n−1)iλj
= (j N)2n−1 according
to section 5.1.13.
If these sections, which are complex-valued differentiable functions, are glued to-
gether, a holomorphic function (resp. cofunction) given by the multiple power series
development:
fvmon(zβi) = Σ
j,mj
cjβi ,mjβi
(z1βi − z01βi )
j · · · (z2n−1)βi − z0(2n−1)βi )
j
(resp. fvmon(z
∗
βi
) = Σ
j,mj
c∗jβi ,mjβi
(z∗1βi
− z∗01βi
)j · · · (z∗2n−1)βi
− z∗0(2n−1)βi
)j )
can be associated with them (see, for instance, section 4.2.4). And, a global holo-
morphic representation Irr hol
(2n−1)
F
F
(2n−1)
iλR×L
of the monodromy bisemisheaf F
F
(2n−1)
iλR
(βi) ⊗
F
F
(2n−1)
iλL
(βi) , as given in this proposition, can be envisaged.
5.1.15 Monodromy n-dimensional representations of global Weil groups
As the monodromy bisemisheaves F
F
(2n−1)
iλR
(βi)⊗FF (2n−1)iλL
(βi) are of algebraic type and are
defined above the algebraic bilinear semigroup G(n)(F+v ×F
+
v ) , (2n− 1)-dimensional irre-
ducible real representations Irr Rep
(2n−1)
Wmon
F
+
R×L
(W ab
F+Rmon
(βi)×W
ab
F+Lmon
(βi)) of the bilinear global
Weil groups (W ab
F+
Rmon
(βi) × W
ab
F+
Lmon
(βi)) can be introduced for them, similarly as it was
done in section 4.2.5.
And, as it was developed in section 4.1.1, the desingularized bisemisheaf θ
(R )
G
(2n)
R
⊗θ
(R )
G
(2n)
L
on
the algebraic bilinear semigroup G(2n)(F+v × F
+
v ) constitutes a 2n-dimensional irreducible
representation Irr Rep
(2n)
W
F
+
R×L
(W ab
F+
R
× W ab
F+
L
) of the product, right by left, W ab
F+
R
× W ab
F+
L
of
global Weil groups.
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5.1.16 Proposition
Let {F
F
(2n−1)
iλR
(βi)⊗FF (2n−1)iλL
(βi)}i,βi , 1 ≤ i ≤ k , 1 ≤ βi ≤ bi , be the set of k×βi monodromy
bisemisheaves above the desingularized bisemisheaf θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
.
Then, the following global holomorphic correspondences are:
a) Irr Rep
(2n)
W
F
+
R×L
(W ab
F+
R
×W ab
F+
L
) −−−→ Irr hol
(2n)(θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
)
‖ ‖
θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
−−−→ fv(z
∗)⊗ fv(z)
for the desingularized bisemisheaf θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
;
b) Irr Rep(2n−1)Wmon
F
+
R×L
(W ab
F+Rmon
(βi)×W
ab
F+Lmon
(βi)) → Irr hol(2n−1)(F
F
(2n−1)
iλR
(βi)⊗ FF (2n−1)iλL
(βi))
‖ ‖
F
F
(2n−1)
iλR
(βi)⊗ FF (2n−1)iλL
(βi) → fvmon(z
∗
βi
)⊗ fvmon(zβi)
∀ i, βi ,
for the monodromy bisemisheaves.
5.1.17 Toroidal compactification of G(2n)(F+v × F
+
v
)
As in section 4.2.7, a toroidal compactification of the bilinear algebraic semigroupG(2n)(F+v ×
F+v ) can be envisaged in such a way that its linear conjugacy class representatives g
(2n)
L [j,mj ]
(resp. g
(2n)
R [j,mj ] ) be transformed into 2n-dimensional real semitori g
(2n)
TL
[j,mj ] (resp.
g
(2n)
TR
[j,mj ] ).
Let
τ tor[j,mj ] : g
(2n)
L [j,mj ] −−−→ g
(2n)
TL
[j,mj ]
cj,mj zj −−−→ λ
1
2 (2n, j,mj) e
2πijx , x ∈ R 2n ,
(resp. τ tor[j,mj ] : g
(2n)
R [j,mj ] −−−→ g
(2n)
TR
[j,mj ]
c∗j,mj z
∗
j −−−→ λ
1
2 (2n, j,mj) e
−2πijx )
be the toroidal deformation of g
(2n)
L [j,mj ] (resp. g
(2n)
R [j,mj ] ) transforming G
(2n)(F+v ×F
+
v )
into its toroidal equivalent G(2n)(F+,Tv × F
+,T
v ) .
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5.1.18 Proposition
Let
Irr hol
(2n−1)
θ
(R )
GR×L
: θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
−−−→ fv(z
∗)⊗ fv(z)
be the global holomorphic representation of the bisemisheaf θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
on G(2n)(F+v ×
F+v ) .
Then, the toroidal compactification τ tor(Irr hol
(2n)
θ
(R )
GR×L
) of the global holomorphic represen-
tation of the bisemisheaf θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
generates the corresponding elliptic representation
according to:
Irr hol
(2n)
θ
(R )
GR×L
: θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
−−−→ fv(z
∗)⊗ fv(z)
Irr ELLIP
(2n)
θ
(R )
GR×L
: θ
(R )
G
(2n)
TR
⊗ θ
(R )
G
(2n)
TL
−−−→ ELLIPR×L(2n, j,mj)
τ tor(Irr hol
(2n)
θ
(R )
GR×L
)
where
ELLIPR×L(2n, j,mj) = ELLIPR(2n, j,mj)⊗(D) ELLIPL(2n, j,mj) ,
being the global elliptic representation of the bisemisheaf θ
(R )
G
(2n)
TR
⊗ θ
(R )
G
(2n)
TL
, is the product,
right by left, of 2n-dimensional real global elliptic semimodules given by:
ELLIPL(2n, j,mj) = ⊕
j,mj
λ
1
2 (2n, j,mj) e
2πijx , x ∈ (F+v1)
n ,
and ELLIPR(2n, j,mj) = ⊕
j,mj
λ
1
2 (2n, j,mj) e
−2πijx.
Proof. This proposition is an adaptation of proposition 4.2.8.
5.1.19 Proposition
1) A cuspidal representation, given by the elliptic representation ELLIPR×L(2n, j,mj) ,
corresponds to the desingularized bisemisheaf θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
.
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2) On the monodromy bisemisheaves {F
F
(2n−1)
iλR
(βi) ⊗ FF (2n−1)iλL
(βi)}i,βi , 1 ≤ i ≤ k ,
1 ≤ βi ≤ bi , above θ
(R )
G
(2n)
R
⊗ θ(R )
G
(2n)
L
, no cuspidal representation of the elliptic type
can be found, except if surgeries are performed.
Proof. According to section 5.1.5, the non-singular fibres (or sections) F
(2n−1)
iλjL
(resp.
F
(2n−1)
iλjR
) of the monodromy sheaf F
F
(2n−1)
iλL
(βi) (resp. FF (2n−1)iλR
(βi) ) are diffeomorphic to
the spheres TS
(2n−1)
iLj
(resp. TS
(2n−1)
iRj
). So, no elliptic representation can be found for
the monodromy sheaf F
F
(2n−1)
iλL
(βi) (resp. FF (2n−1)iλR
(βi) ) since TS
(2n−1)
iLj
(resp. TS
(2n−1)
iRj
)
cannot be transformed bijectively into a (2n−1)-dimensional real semitorus (being able to
constitute an equivalence class representative of a global elliptic representation according
to proposition 5.1.18).
5.1.20 Proposition
On the desingularized bisemisheaf θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
and its monodromy bisemisheaves
{F
F
(2n−1)
iλR
(βi) ⊗ FF (2n−1)iλL
(βi)}i,βi , the only irreducible global correspondences of
Langlands:
Irr Rep
(2n)
W
F
+
R×L
(W ab
F+R
×W ab
F+L
) −−−→ Irr ELLIP(θ
(R )
G
(2n)
TR
⊗ θ
(R )
G
(2n)
TL
)
‖ ‖
θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
−−−→ ELLIPR×L(2n, j,mj)
exists.
Proof.
1) The above mentioned Langlands correspondence results from the toroidal compact-
ification of the irreducible holomorphic correspondence Irr hol(2n)(θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
) ,
introduced in proposition 5.1.16:
104
Irr Rep
(2n)
W
F
+
R×L
(W ab
F+R
×W ab
F+L
) Irr hol(2n)(θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
)
θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
fv(z
∗)⊗ fv(z)
Irr ELLIP(θ
(R )
G
(2n)
R
⊗ θ
(R )
G
(2n)
L
)
ELLIPR×L(2n, j,mj)
τ tor(Irr hol
(2n−1)
θ
(R )
GR×L
)
2) According to proposition 5.1.19, no Langlands correspondence exists for the mon-
odromy bisemisheaves because no bijection can be found between the non-singular
fibres, diffeomorphic to TS2n−1 , and (2n− 1)-dimensional real semitori.
5.2 The monodromy of isolated singularities on reducible com-
plex bisemisheaves
5.2.1 Singular reducible bisemisheaves
In chapter 4 of [Pie1], the possible reducibilities of the representation Rep(GL2n(Fω×Fω))
of the bilinear algebraic semigroup GL2n(Fω × Fω) were introduced. They are of three
types:
a) partially reducible if:
Rep(GL2n=2n1+···+2ns(Fω × Fω)) =
2ns
⊞
2nℓ=2n1
Rep(GL2nℓ(Fω × Fω))
for any partition 2n = 2n1 + · · ·+ 2nℓ + · · ·+ 2ns of 2n ;
b) orthogonally completely reducible if:
Rep(GL2n=21+···+2n(Fω × Fω)) =
n
⊞
ℓ=1
Rep(GL2ℓ(Fω × Fω))
c) non orthogonally completely reducible if:
Rep(GL2nR×L(Fω × Fω)) =
2n
⊞
2ℓR=2ℓL=1
Rep(GL2ℓR×L (Fω × Fω))
= ⊞
2kR 6=ℓL
Rep(T t2kR
(Fω)× T2ℓL (Fω)) .
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The analytic representation spaces over these reducible bilinear algebraic semigroups
are respectively the following bisemisheaves of differentiable bifunctions:
a) the partially reducible bisemisheaf θ
(C )
GL2n=2n1+···+2nℓ+···+2ns (Fω×Fω)
over the bilinear alge-
braic semigroup GL2n=2n1+···+2nℓ+···+2ns(Fω × Fω) ;
b) the orthogonal completely reducible bisemisheaf θ
(C )
GL2n=21+···+2n (Fω×Fω)
over the bilinear
algebraic semigroup GL2n=21+···+2ℓ+···+2r(Fω × Fω) ;
c) the non orthogonal completely reducible bisemisheaf θ
(C )
GL2nR×L (Fω×Fω)
over the bilinear
algebraic semigroup GL2nR×L(Fω × Fω) .
Being concerned by the monodromy group action on these (“singular”) bisemisheaves,
the only relevant reducible bisemisheaf is the orthogonal completely reducible bisemisheaf.
Indeed, the monodromy group action on the partially reducible bisemisheaf decomposing
into:
θ
(C )
GL2n=2n1+···+2ns (Fω×Fω)
=
ns
⊞
nℓ=n1
θ
(C )
GL2nℓ (Fω×Fω)
can amount to the general irreducible case treated in section 5.1 for nℓ ≥ 2 , n1 ≤ nℓ ≤ ns .
On the other hand, as the non orthogonal completely reducible bisemisheaves
θ
(C )
T t2kR
(Fω)⊗ θ
(C )
T t2ℓL
(Fω) ∈ θ
(C )
GL2nR×L
(Fω × Fω) , 1 ≤ k, ℓ ≤ n ,
on the off-diagonal algebraic linear semigroups T t2kR
(Fω) and T
t
2ℓL
(Fω) are generated from
the orthogonal ones θ
(C )
T t2ℓR
(Fω)⊗ θ
(C )
T t2ℓL
(Fω) , their monodromy group actions are not really
pertinent.
So, the only relevant reducible bisemisheaf from the monodromy point of view is the
orthogonal completely reducible bisemisheaf
θ
(C )
GL2n=21+···+2n
(Fω × Fω) =
n
⊞
ℓ=1
θ
(C )
GL2ℓ
(Fω × Fω)
whose irreducible elements θ
(C )
GL2ℓ
(Fω×Fω)) , 1 ≤ ℓ ≤ n , being able to generate monodromy
groups, will be studied in this section.
5.2.2 Critical level sets of the bisemisheaf θ
(C )
GL2(Fω×Fω )
Let
θ
(C )
GL2(Fω×Fω)
≡ θ
(C )
GL2(Fω)
⊗ θ
(C )
GL2(Fω)
( ≡ θ
(C )
T t2(Fω)
⊗ θ
(C )
T2(Fω)
)
be a bisemisheaf of complex-valued differentiable bifunctions φ
(2)
G
(C )
gjR
(zgjR ) ⊗ φ
(2)
G
(C )
gjL
(zgjL ) ,
1 ≤ j ≤ r ≤ ∞ , over the conjugacy class representatives g(2)R×L(j,mj ] of the complex
algebraic bilinear semigroup G(2)(Fω × Fω) .
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Assume that, on a domain U
(2)
jR
× U
(2)
jL
⊂ g
(2)
R×L[j,mj ] , each bifunction φ
(2)
G
(C )
gjR
(zgjR ) ⊗
φ
(2)
G
(C )
gjL
(zgjL ) is locally a Morse bifunction described by:
φ
(2)
G
(C )
gjR
(U
(2)
jR
)⊗ φ
(2)
G
(C )
gjL
(U
(2)
jL
) = z2j1 + z
2
j2 , (z1, z2) ∈ C
2 .
At zj1 = zj2 = 0 , the bifunction φ
(2)
G
(C )
gjR
(U
(2)
jR
) ⊗ φ
(2)
G
(C )
gjL
(U
(2)
jL
) has a non-degenerate
singularity.
The critical level set of φ
(2)
G
(C )
gjR
(U
(2)
jR
)⊗ φ
(2)
G
(C )
gjL
(U
(2)
jL
) is the singular fibre F
(1)
0jR
×F
(1)
0jL
given
by:
φ
(2)
G
(C )
gjR
(U
(2)
jR
)⊗ φ
(2)
G
(C )
gjL
(U
(2)
jL
) = z2j1 + z
2
j2 = 0 ;
it consists in two complex lines intersecting at 0 [H-Z].
5.2.3 Proposition
Let
F
(1)
0jR
× F
(1)
0jL
= z2j1 + z
2
j2 = 0 , ∀ j , 1 ≤ j ≤ r ≤ ∞ ,
be the singular bifibre of the j-th bisection φ
(2)
G
(C )
gjR
(U
(2)
jR
) ⊗ φ
(2)
G
(C )
gjL
(U
(2)
jL
) of the bisemisheaf
θ
(C )
GL2(Fω×Fω)
.
Then, we have that:
1) the corresponding non singular bifibres F
(1)
λjR
(t)×F
(1)
λjL
(t) are diffeomorphic to the prod-
uct, right by left, T 2λjR
(t)× T 2λjL
(t) of two semitori.
2) the homology group H1(F
(1)
λjL
;Z ) ≃ Z (resp. H1(F
(1)
λjR
;Z ) ≃ Z ) of the semitorus T 2λjL
(resp. T 2λjR
) is generated by the upper (resp. lower) semicircle ∆
(1)
Lj
(resp. ∆
(1)
Rj
) on
T 2λjL
(resp. T 2λjR
) in such a way that when its radius tends to the unity, the semicircle
shrinks to the singularity and is then called the vanishing semicycle characterized by
a rank r
∆
(1)
j
= N .
3) The covanishing semicycle ∇
(1)
Lj
(resp. ∇
(1)
Rj
) is a line on T 2λjL
(resp. T 2λjR
) perpen-
dicular to the vanishing semicycle ∆
(1)
Lj
(resp. ∆
(1)
Rj
) and is characterized by a rank
r
F
(1)
λj
≈ j N .
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Proof.
1) The j-th critical level sets are the non-singular bifibres F
(1)
λjR
(t)×F (1)λjL
(t) described by
the equations:
z2j1(t) + z
2
j2
(t) = λj(t) , λ 6= 0 ;
they are diffeomorphic to the cylinder S1 × R 1 .
Indeed, the Riemann surface of the function zj2(t) =
√
λj(t)− z2j1 is formed from two
copies of the complex zj1-plane glued together along the cut (−λj(t),+λj(t)) [H-Z].
Each copy of the cut plane is homeomorphic to half a cylinder (and a 2-dimensional
semitorus). The line of the cut is a circle on the cylinder encircling the critical value
and given by the equation:
λj(t) = rλj(t) e
2πijt , 0 ≤ t ≤ 1 .
As t increases, both branch points zj1 = ±
√
λj(t) = (±
√
rλj(t) e
πijt) move around
zj1 = 0 in the positive direction. As t varies from 0 to 1 , each of these points performs
a revolution and changes place with the other.
Thus, as λj(t) encircles the singularity, a corresponding series of pairs {T
2
λjR
(t), T 2λjL
(t)}t
of two-dimensional semitori are generated.
2) The circle on the cylinder encircling the critical value is the vanishing cycle given by
the equation:
λ
(V )
j (t) ≃ e
2πijt ,
i.e. when the radius rλj(t) ≃ 1 .
Indeed, in this case, the left (resp. right) vanishing semicycle ∆
(1)
Lj
(resp. ∆
(1)
Rj
), given
by the equation:
λj(t) ≃ e
2πijt ,
restricted to the upper (resp. lower) half plane, corresponds to a function φ
(1)
PjL
(xpjL )
(resp. φ
(1)
PjR
(xpjR ) ) on the left (resp. right) conjugacy class representative P
(2)(F+
v1j,mj
)
(resp. P (2)(F+
v1j,mj
) ) of the linear parabolic subgroup P (2)(F+v1) (resp. P
(2)(F+
v1
) )
according to section 5.1.5.
And, thus, the rank of ∆
(1)
Lj
and of ∆
(1)
Rj
is given by r
∆
(1)
j
= N .
3) As the covanishing semicycle ∇
(1)
Lj
(resp. ∇
(1)
Rj
) is a semicircle on T 2λjL
(resp. T 2λjR
)
perpendicular to ∆
(1)
Lj
(resp. ∆
(1)
Rj
), it will be assumed to have a rank r∇
j(1)
≃ j N
since it is defined on the j-th conjugacy class representative of the linear algebraic
semigroup G(2)(Fω) (resp. G
(2)(Fω) ) (see, for example, proposition 3.2.2. to illustrate
this point).
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5.2.4 Proposition
Let (φ
(2)
G
(C )
gjR
(U
(2)
jR
)⊗φ(2)
G
(C )
gjL
(U
(2)
jL
), F
(1)
0jR
×F (1)0jL
, F
(1)
λjR
(t)×F (1)λjL
(t),∆
(1)
Rj
×∆(1)Lj ) be the 4-th bituple
introduced in proposition 5.2.3.
Then the mapping
h(1)γjR×L
: F
(1)
λjR
(t)× F
(1)
λjL
(t) −−−→ F
(1)
λjR
(t)× F
(1)
λjL
(t)
of the non singular bifibre into itself is the monodromy of the product, right by left, ∆
(1)
Rj
×
∆
(1)
Lj
of the vanishing semicycles realized by the conjugacy action of the j-th conjugacy
class representative of the bilinear algebraic semigroup G(2)(F+v ×F
+
v ) on the corresponding
conjugacy class representative of the bilinear parabolic subsemigroup P (2)(Fv1 × Fv1) .
Proof.
1) This proposition is a particular case of the one which was treated in proposition 5.1.6
in the sense that the monodromy h
(1)
γ
R×L
is associated with the injective mapping:
I
∆
(1)
λjR×L
→F
(1)
jR×L
: ∆
(1)
Rj
×∆(1)Lj −−−→ F
(1)
λjR
(t)× F (1)λjL
(t)
inflating the left (resp. right) vanishing semicycle ∆
(1)
Lj
(resp. ∆
(1)
Rj
), characterized
by a rank r
∆
(1)
j
= N , into the left (resp. right) non singular fibre F
(1)
λjL
(t) (resp.
F
(1)
λjR
(t) ), characterized by a rank r
F
(1)
λj
= mj (j N) where mj is the number of 1D-
fibres perpendicular to ∆
(1)
Lj
(resp. ∆
(1)
Rj
) into F
(1)
λjL
(t) (resp. F
(1)
λjR
(t) ) diffeomorphic
to the 2D-semitorus T 2λjL
(t) (resp. T 2λjR
(t) ).
2) The inflation action of I
∆
(1)
jR×L
→F
(1)
λjR×L
on ∆
(1)
Rj
×∆
(1)
Lj
corresponds to the conjugation
of the j-th conjugacy class representative of G(2)(F+v × F
+
v ) on the corresponding
conjugacy class representative of P (2)(F+
v1
× F+v1) .
5.2.5 Number of non singular bifibres
Assume that each bisection φ
(2)
G
(C )
gjR
(U
(2)
jR
) ⊗ φ
(2)
G
(C )
gjL
(U
(2)
jL
) of θ
(C )
GL2(Fω×Fω)
is endowed with the
same singular bifibre F
(1)
0jR
× F
(1)
0jL
= z2j1 + z
2
j2
= 0 .
The number of non singular bifibres (F
(1)
λjR
(t)×F
(1)
λjL
(t)) , corresponding to F
(1)
0jR
×F
(1)
0jL
,
depends on the expanding phase responsible for the monodromy h
(1)
γjR×L
(see section 5.1.2).
Indeed, it corresponds to this expanding phase the inverse mapping
r−1
F
(1)
λjR×L
→F
(1)
0jR×L
: F
(1)
0jR
× F
(1)
0jL
−−−→ F
(1)
λjR
(t)× F
(1)
λjL
(t)
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of the retraction of the monodromy (see section 5.1.9):
r
F
(1)
λjR×L
→F
(1)
0jR×L
: F
(1)
λjR
(t)× F
(1)
λjL
(t) −−−→ F
(1)
0jR
× F
(1)
0jL
.
Let β be the number of non singular bifibres (F
(1)
λjR
(t) × F
(1)
λjL
(t)) above each bisection of
θ
(C )
GL2(Fω×Fω)
.
5.2.6 Proposition
If each bisection of the bisemisheaf θ
(C )
GL2(Fω×Fω)
is endowed with the same singular bifibre
F
(1)
0jR
×F
(1)
0jL
= z2j1+z
2
j2 = 0 , then a set of β bisemisheaves {θ
(C )mon
GL2(Fω×Fω)
(b)}βb=1 , isomorphic
to the desingularized bisemisheaf θ
(C )
GL2(Fω×Fω)
, can be generated by monodromy if β is the
number of non singular bifibres above each bisection of θ
(C )
GL2(Fω×Fω)
.
Proof. As there are β identical non singular bifibres {F
(1)
λjR
(b)×F
(1)
λjL
(b)}βb=1 (assuming the
one-to-one correspondence t ↔ b ) above each bisection of θ(C )GL2(Fω×Fω) , β bisemisheaves
θ
(C )mon
GL2(Fω×Fω)
(b) , 1 ≤ b ≤ β , can be built from these nonsingular bifibres in such a way
that the sections of θ
(C )mon
GL2(Fω×Fω)
(b) are in one-to-one correspondence with the sections of
θ
(C )
GL2(Fω×Fω)
. Furthermore, the sections of θ
(C )
GL2(Fω×Fω)
, and the corresponding sections
of the monodromy bisemisheaves θ
(C )mon
GL2(Fω×Fω)
(b) are isomorphic according to proposition
5.2.4.
So, the monodromy bisemisheaves θ
(C )mon
GL2(Fω×Fω)
(b) , 1 ≤ b ≤ β , are isomorphic to (or
“copies of”) the original desingularized bisemisheaf θ
(C )
GL2(Fω×Fω)
.
5.2.7 Proposition
Let θ
(C )
GL2(Fω×Fω)
be a complex bisemisheaf, whose bisections are endowed with the same sin-
gular bifibres F
(1)
0jR
×F
(1)
0jL
= z2j1+z
2
j2
= 0 , ∀ j , 1 ≤ j ≤ r ≤ ∞ , and let {θ
(C )mon
GL2(Fω×Fω)
(b)}βb=1
be the set of β monodromy bisemisheaves.
Then, it results that:
1) a global holomorphic representation:
Irr hol
(1)
θ
(C )
GR×L
: θ
(C )
GL2(Fω×Fω)
−−−→ fω(z
∗
m)⊗ fω(zm)
corresponds to the desingularized ground bisemisheaf θ
(C )
GL2(Fω×Fω)
;
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2) β global holomorphic representations:
Irr hol
(1)
θ
(C )mon
GR×L
: θ
(C )mon
GL2(Fω×Fω)
(b) −−−→ fω(z
∗
mb
)⊗ fω(zmb) , 1 ≤ b ≤ β ,
can be associated with the monodromy bisemisheaves θ
(C )mon
GL2(Fω×Fω)
(b) .
Proof.
1) If θ
(C )
GL2(Fω×Fω)
is desingularized and if its left (resp. right) linear sections are glued
together, a global holomorphic representation can be given to it by the holomorphic
bifunction fω(z
∗
m)⊗ fω(zm) where:
fω(zm) = Σ
j,mj
cj,mj (zm − zm0)
j
(resp. fω(z
∗
m) = Σ
j,mj
c∗j,mj (z
∗
m − z
∗m0)
j )
with:
• zm, zm0 (resp. z
∗
m, z
∗
m0
) complex (resp. conjugate complex) variables;
• cj,mj (resp. c
∗
j,mj
) coefficients (see proposition 5.1.14).
2) β global holomorphic representations of monodromy type are given by the holomor-
phic bifunctions fω(z
∗
mb
)⊗fω(zbm) , 1 ≤ b ≤ β , in such a way that they are equivalent
to the ground holomorphic bifunction fω(z
∗
m)⊗fω(zm) taking into account the propo-
sition 5.2.6.
5.2.8 Proposition
Let {θ
(C )mon
GL2(Fω×Fω)
(b)}βb=1 be the β monodromy bisemisheaves above the desingularized ground
bisemisheaf θ
(C )
GL2(Fω×Fω)
.
Then, the global holomorphic correspondences are the following:
a) Irr Rep
(1)
WFR×L
(W abFR ×W
ab
FL
) −−−→ Irr hol
(1)(θ
(C )
GL2(Fω×Fω)
)
‖ ‖
θ
(C )
GL2(Fω×Fω)
−−−→ fω(z
∗
m)⊗ fω(zm)
where Irr Rep
(1)
WFR×L
(W abFR ×W
ab
FL
) is the irreducible complex representation of the bi-
linear global Weil group (W abFR ×W
ab
FL
) given by the ground bisemisheaf θ
(C )
GL2(Fω×Fω)
.
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b) Irr Rep
(1)
WmonFR×L
(W abFRmon (b)×W
ab
FLmon
(b)) −−−→ Irr hol
(1)(θ
(C )mon
GL2(Fω×Fω)
(b))
‖ ‖
θ
(C )mon
Fω×Fω
(b) −−−→ fω(z
∗
mb
)⊗ fω(zmb)
1 ≤ b ≤ β ,
for the β monodromy bisemisheaves θ
(C )mon
GL2(Fω×Fω)
(b) .
Proof. This proposition is an adaptation of proposition 5.1.16 to the products, right by
left, of 1D-complex (semi)sheaves.
5.2.9 Toroidal compactification
The ground bisemisheaf θ
(C )
GL2(Fω×Fω)
and the β monodromy bisemisheaves θ
(C )mon
GL2(Fω×Fω)
(b) are
defined over the bilinear algebraic semigroup GL2(Fω×Fω) . So, a toroidal compactification
of the linear conjugacy class representatives g
(2)
L [j,mj ] of GL2(Fω) (resp. g
(2)
R [j,mj ] of
GL2(Fω) ) can be realized by the mappings:
τ torC [j,mj ] : g
(2)
L [j,mj ] −−−→ g
(2)
TL
[j,mj ]
cj,mj z
j
m −−−→ λ
1
2 (2, j,mj) e
2πijzm , zm ∈ C ,
(resp. τ torC [j,mj ] : g
(2)
R [j,mj ] −−−→ g
(2)
TR
[j,mj ]
c∗j,mj z
∗j
m −−−→ λ
1
2 (2, j,mj) e
−2πijzm ) ∀ 1 ≤ j ≤ r ≤ ∞ ,
where g
(2)
TL
[j,mj ] = λ
1
2 (2, j,mj) e
2πijzm (resp. g
(2)
TR
[j,mj ] = λ
1
2 (2, j,mj) e
−2πijzm ) is a two-
dimensional real semitorus localized in the upper (resp. lower) half space.
5.2.10 Proposition
1) A cuspidal representation, given right by the product EISR×L(1, j,mj) = EISR(1, j,mj)×
EISR(1, j,mj) , of the (truncated) Fourier development of a normalized right cusp
form by its left equivalent, can be associated with the desingularized ground bisem-
isheaf θ
(C )
GL2(Fω×Fω)
.
2) Similarly, a cuspidal representation given by EISmonR×L(1, j,mj) corresponds to each
monodromy bisemisheaf θ
(C )mon
GL2(Fω×Fω)
on the bilinear algebraic semigroup GL2(Fω×Fω)
compactified toroidally.
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Proof.
1) The toroidal compactification τ tor
C
(Irr hol(1)(θ
(C )
GL2(Fω×Fω)
)) of the global holomorphic
representation of the ground bisemisheaf θ
(C )
GL2(Fω×Fω)
generates the corresponding cus-
pidal representation Irr cusp
(1)
θ
(C )
GL2R×L
according to:
Irr hol
(1)
θ
(C )
GR×L
: θ
(C )
GL2(Fω×Fω)
−−−→ fω(z
∗
m)⊗ fω(zm)
Irr cusp
(1)
θ
(C )
GL2R×L
: θ
(C )
GL2(FTω ×F
T
ω )
−−−→ EISR×L(1, j,mj)
τ tor
C
(Irr hol(1)(θ
(C )
GL2(Fω×Fω
)
where:
• EISR×L(1, j,mj) = EISR(1, j,mj) ×(D) EISR(1, j,mj) , being the global cuspidal
representation of the ground bisemisheaf θ
(C )
GL2(FTω ×F
T
ω )
is the product, right by left,
of the (truncated) Fourier development of the cusp forms [Pie1]:
EISL(1, j,mj) = ⊕
j,mj
λ
1
2 (1, j,mj) e
2πijzm ,
EISR(1, j,mj) = ⊕
j,mj
λ
1
2 (1, j,mj) e
−2πijzm ,
with λ
1
2 (1, j,mj) being the square root of the product of the eigenvalues of the
coset representative Uj,mjR ×Uj,mjL of the product, right by left, of Hecke opera-
tors;
• GL2(F
T
ω × F
T
ω ) is the bilinear algebraic semigroup whose conjugacy class repre-
sentatives g
(2)
TR
[j,mj ]× g
(2)
TL
[j,mj ] have undergone a toroidal compactification.
2) Each monodromy bisemisheaf θ
(C )mon
GL2(FTω ×F
T
ω )
, having been compactified toroidally, gives
rise to a similar cuspidal representation Irr cusp(1)(θ
(C )mon
GL2(FTω ×F
T
ω )
) = EISR×L(1, j,mj)
since the monodromy bisemisheaves are isomorphic to (or copies of) the ground bisem-
isheaf according to proposition 5.2.6.
5.2.11 Proposition
On the desingularized ground bisemisheaf θ
(C )
GL2(Fω×Fω)
and its monodromy bisemisheaves
{θ
(C )mon
GL2(Fω×Fω)
(b)}βb=1 , we have the following irreducible Langlands global correspondences:
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a) Irr Rep
(1)
WFR×L
(W abFR ×W
ab
FL
) −−−→ Irr cusp(θ
(C )
GL2(FTω ×F
T
ω )
)
‖ ‖
θ
(C )
GL2(Fω×Fω)
−−−→ EISR×L(1, j,mj)
b) Irr Rep
(1)
Wmon
FR×L
(W abFRmon (b)×W
ab
FLmon
(b)) −−−→ Irr cusp(θ
(C )mon
GL2(FTω ×F
T
ω )
(b))
‖ ‖
θ
(C )mon
GL2(Fω×Fω)
(b) −−−→ EISmonR×L(1, j,mj)b
Proof. These Langlands global correspondences result from the preceding sections sum-
marized in the two following diagrams:
a) Irr Rep(1)WFR×L
(W abFR ×W
ab
FL
) −−−→ Irr hol
(1)(θ
(C )
GL2(Fω×Fω)
)
τ tor
C−−→ Irr cusp(θ
(C )
GL2(FTω ×F
T
ω )
)
‖ ‖ ‖
θ
(C )
GL2(Fω×Fω)
−−−→ fω(z
∗
m)⊗ fω(zm)
τ tor
C−−→ EISR×L(1, j,mj)b
b) Irr Rep(1)WmonFR×L
(W abFRmon (b)×W
ab
FLmon
(b)) −−−→ Irr hol
(1)(θ
(C )mon
GL2(Fω×Fω)
(b))
τ tor
C−−→ Irr cusp(θ
(C )mon
GL2(F
+
ω ×F
+
ω )
(b)
‖ ‖ ‖
θ
(C )mon
GL2(Fω×Fω)
(b) −−−→ fω(z
∗
mb
)⊗ fω(zmb)
τ tor
C−−→ EISmonR×L(1, j,mj)b
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